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Abstract 


Homotopy  type  theory  is  a  new  field  of  mathematics  based  on  the  recently- 
discovered  correspondence  between  Martin-Lof’s  constructive  type  theory  and  ab¬ 
stract  homotopy  theory.  We  have  a  powerful  interplay  between  these  disciplines  - 
we  can  use  geometric  intuition  to  formulate  new  concepts  in  type  theory  and,  con¬ 
versely,  use  type-theoretic  machinery  to  verify  and  often  simplify  existing  mathe¬ 
matical  proofs.  Higher  inductive  types  form  a  crucial  part  of  this  new  system  since 
they  allow  us  to  represent  mathematical  objects  from  a  variety  of  domains,  such  as 
spheres,  tori,  pushouts,  and  quotients,  in  the  type  theory. 

In  this  thesis  we  formulated  and  investigated  a  class  of  higher  inductive  types 
we  call  W-quotients  which  generalize  Martin-Lof ’s  well-founded  trees  to  a  higher¬ 
dimensional  setting.  We  have  shown  that  a  propositional  variant  of  W-quotients, 
whose  computational  behavior  is  determined  up  to  a  higher  path,  is  characterized 
by  the  universal  property  of  being  a  homotopy-initial  algebra.  As  a  corollary  we 
derived  that  W-quotients  in  the  strict  form  are  homotopy-initial.  A  number  of  other 
interesting  higher  inductive  types  (such  as  spheres,  suspensions,  and  type  quotients) 
arise  as  special  cases  of  W-quotients,  and  the  characterization  of  these  as  homotopy- 
initial  algebras  thus  follows  as  a  corollary  to  our  main  result. 

We  have  investigated  further  higher  inductive  types  -  arbitrary  truncations,  set 
quotients,  and  groupoid  quotients  -  and  established  analogous  characterizations  in 
terms  of  the  universal  property  of  homotopy-initiality.  Furthermore,  we  showed  that 
set  and  groupoid  quotients  can  be  recovered  from  W-quotients  and  truncations. 
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Introduction 


The  mathematical  discipline  of  type  theory  was  developed  by  B.  Russell  as  an  alternative  to 
set  theory  which  would  not  suffer  from  Russell’s  paradox.  A  type  theory  is  a  deductive  formal 
system  consisting  of  inference  rules  which  specify  how  to  assign  a  type  to  a  term.  In  relation  to 
set  theory,  a  type  can  thought  of  as  a  set  and  a  term  of  a  particular  type  as  an  element  of  this  set. 

Since  its  invention,  type  theory  has  been  widely  used  as  a  basis  for  programming  languages, 
proof  assistants,  and  formalization  of  mathematics  (SML  Il24l.  Haskell  09ll.  Coq  [®  [32],  Agda 
ll26ll.  NuPRL  021,  Twelf  |[27ll.  Among  the  most  studied  type  theories  is  Martin-Lof’s  intuition- 
istic  type  theory  ([20,  22]),  also  known  as  constructive  or  dependent  type  theory.  It  comes  in  two 
general  flavors  -  intensional  and  extensional  -  which  differ  in  their  treatment  of  equality  between 
terms.  In  the  intensional  system,  we  have  two  notions  of  equality:  there  is  definitional  equal¬ 
ity ,  which  is  syntax-based  and  can  only  be  reasoned  about  on  the  meta-level,  and  propositional 
equality ,  which  may  be  asserted  and  reasoned  about  from  within  the  system.  In  the  extensional 
system,  these  two  notions  of  equality  coincide,  which  means  that  any  two  terms  which  are  prov- 
ably  equal  in  the  theory  are  considered  syntactically  interchangeable.  Proofs  of  equality  only 
serve  to  establish  this  identification  and  do  not  hold  any  computational  content  of  their  own. 
These  features  make  extensional  Martin-Lof’s  type  theory  easier  to  use  and  more  suited  for  im¬ 
plementing  everyday  set-level  mathematics. 

On  the  other  hand,  the  newly-developed  field  of  homotopy  type  theory  uncovers  deep  connec¬ 
tions  between  (an  extension  of)  intensional  Martin-Lof’s  type  theory  and  the  fields  of  abstract  ho¬ 
motopy  theory,  higher  categories,  and  algebraic  topology  ([[21  [6, 7|  9,  [TO]  14,  16, 13411351  37,  38]). 
Insights  from  homotopy  theory  are  used  to  add  new  concepts  to  the  type  theory,  such  as  the 
representation  of  various  geometric  objects  as  higher  inductive  types.  Conversely,  type  theory  is 
used  to  formalize  and  verify  existing  mathematical  proofs  using  proof  assistants  such  as  Coq  and 
Agda.  Moreover,  type-theoretic  insights  often  help  us  discover  novel  proofs  of  known  results 
which  are  simpler  than  their  homotopy-theoretic  versions:  the  calculation  of  7r„(S")  ([13,  151): 
the  Freudenthal  Suspension  Theorem  ll33l:  the  Blakers-Massey  Theorem  ll33l.  etc. 

As  a  formal  system,  homotopy  type  theory  (HoTT)  lf33ll  extends  intensional  Martin-Lof  type 
theory  with  two  features  motivated  by  abstract  homotopy  theory:  Voevodsky’s  univalence  axiom 
(|il0l!37|)  and  higher  inductive  types  (0711301).  The  slogan  in  HoTT  is  that  types  are  topological 
spaces,  terms  are  points,  and  proofs  of  identity  are  paths  between  points.  The  structure  of  an 
identity  type  in  HoTT  is  thus  far  more  complex  than  just  consisting  of  reflexivity  paths  061134]. 
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despite  the  definition  of  ldA(x,  y)  as  an  inductive  type  with  a  single  constructor  lx  :  Id  4(0;,  x). 
It  is  a  beautiful,  and  perhaps  surprising,  fact  that  not  only  does  this  richer  theory  admit  an  inter¬ 
pretation  into  homotopy  theory  ([O,  ifTOlO  but  that  many  fundamental  concepts  and  results  from 
mathematics  arise  naturally  as  constructions  and  theorems  of  HoTT. 

For  example,  the  circle  S1  (see  section  2.4)  is  defined  as  a  higher  inductive  type  with  a  point 
base  and  a  path  loop  going  from  base  to  itself.  It  comes  with  a  recursion  principle  which  says 
that  to  construct  a  function  /  :  S1  — >  X,  it  suffices  to  supply  a  point  x  :  X  and  a  loop  based 
at  x.  The  value  /(base)  then  computes  to  x.  Such  definitional  computation  rules  are  convenient 
to  work  with  but  also  pose  some  conceptual  difficulties.  For  instance,  an  alternative  encoding 
of  the  circle  as  a  higher  inductive  type  Sj  specifies  two  points  south,  north  and  two  paths  from 
north  to  south,  called  east  and  west.  The  recursion  principle  then  says  that  in  order  to  construct 
a  function  /  :  S*  — >•  X,  it  suffices  to  supply  two  points  x,  y  :  X  and  two  paths  between  them. 
The  values  /(north)  and  /(south)  then  compute  to  x  and  y  respectively. 

We  have  a  natural  way  of  relating  these  two  representations  via  an  equivalence,  i.  e. ,  a  function 
which  has  an  inverse  up  to  propositional  equality:  in  one  direction,  map  base  to  north  and  loop 
to  east;  in  the  other  direction,  map  both  north  and  south  to  base  and  map  east  to  loop  and  west  to 
the  identity  path  at  base.  Unfortunately,  the  types  S1,  S)  related  this  way  do  not  satisfy  the  same 
definitional  laws,  which  poses  a  compatibility  issue.  Even  more  importantly,  we  do  not  have  a 
way  of  internalizing  these  notions  of  a  circle  and  working  with  them  inside  the  type  theory,  since 
we  can  only  talk  about  definitional  equalities  on  the  meta-level. 

In  this  work  we  thus  study  higher  inductive  types  abstractly,  as  arbitrary  types  endowed  with 
certain  constructors  and  propositional  computation  behavior:  in  the  case  of  S1,  for  example, 
we  say  that  a  type  C  with  constructors  b  :  C  and  /  :  ldc(c,  c)  satisfies  the  recursion  principle 
for  a  circle  if  for  any  other  type  X,  point  x  :  X  and  loop  based  at  x,  there  exists  a  function 
/  :  C  — *  A"  for  which  there  is  a  path  between  f(b)  and  x  (and  which  satisfies  a  higher  coherence 
condition).  We  note  that  we  require  no  change  to  the  underlying  type  theory:  the  particular 
higher  inductive  type  S1  just  becomes  a  specific  instance  of  the  abstract  definition  of  a  circle, 
one  whose  computation  rules  happen  to  hold  definitionally. 

A  major  advantage  of  types  with  propositional  computation  rules  is  that  we  can  internalize  the 
definitions  and  reason  about  them  within  the  type  theory  -  and  in  particular,  use  proof  assistants 
to  verify  the  results.  In  this  respect,  our  work  is  complementary  to  ffl8l.  which  gives  an  external, 
category-theoretic  semantics  for  a  certain  class  of  higher  inductive  types.  Another  advantage 
of  propositional  computation  behavior  is  portability:  relaxing  the  computation  laws  satisfied  by 
the  types  S1  and  Sj  to  their  propositional  counterparts  results  in  two  notions  of  a  circle  that 
are  equivalent,  in  a  precise  sense.  This  in  particular  means  that  any  type  C  which  is  a  circle 
according  to  one  definition  is  also  a  circle  according  to  the  alternate  definition.  We  can  thus  state 
and  prove  results  about  either  of  these  specifications,  knowing  that  the  proofs  carry  over  to  any 
particular  implementation  -  be  it  S1,  Sj,  or  a  third  one. 

It  further  turns  out  that  types  with  propositional  rules  tend  to  keep  many  of  their  desirable 
properties;  for  instance,  it  can  be  shown  that  the  main  result  of  llT5ll.  that  the  fundamental  group 
of  the  circle  is  the  group  of  integers,  carries  over  to  the  case  when  both  the  circle  and  the  inte¬ 
ger  types  have  propositional  computational  behavior.  In  addition,  we  can  now  show  that  higher 
inductive  types  are  characterized  by  the  universal  property  of  being  a  homotopy -initial  algebra. 
This  notion  was  first  introduced  in  |[3]|,  where  an  analogous  result  was  established  for  the  “ordi- 
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nary”  inductive  type  of  well-founded  trees  (Martin-Lof’s  W-types  [ITT!  ).  In  the  higher  setting,  an 
algebra  is  a  type  X  together  with  a  number  of  Unitary  operations  which  are  allowed 

to  act  not  only  on  A"  but  also  on  any  higher  identity  type  over  X,  for  example  Id x  .) 

or  An  algebra  morphism  has  to  preserve  all  operations  up  to  propositional 

equality.  Finally,  just  as  for  W-types,  we  say  that  an  algebra  X  is  homotopy -initial  if  the  type  of 
algebra  morphisms  from  X  to  any  other  algebra  y  is  contractible,  i.e.,  there  exists  a  morphism 
from  X  to  y  which  is  unique  up  to  propositional  equality. 

Our  main  theorem  is  stated  for  a  class  of  higher  inductive  types  which  we  call  W-quotients; 
they  generalize  ordinary  W-types  by  allowing  an  arbitrary  number  of  path  constructors  (which 
construct  canonical  terms  of  the  identity  type  over  the  higher  inductive  type  X)  in  addition  to  the 
ordinary  point  constructors  (which  construct  canonical  terms  of  the  higher  inductive  type  X  it¬ 
self).  We  show  that  the  induction  principle  for  W-quotients  is  equivalent  (as  a  type)  to  homotopy  - 
initiality.  This  extends  the  main  result  of  01  for  “ordinary”  inductive  types  to  the  important,  and 
much  more  difficult,  higher  case.  A  number  of  other  interesting  higher  inductive  types,  such 
as  spheres,  suspensions,  and  type  quotients  (see  |2.4[)  arise  as  special  cases  of  W-quotients,  and 
the  characterization  of  these  as  homotopy-initial  algebras  thus  follows  as  a  corollary  to  our  main 
result. 

The  chief  significance  of  homotopy-initiality  lies  in  its  simplicity;  the  induction  principle, 
which  involves  dependent  types,  can  be  rather  complicated  to  state  and  use  even  for  higher  in¬ 
ductive  types  with  relatively  simple  data,  such  as  the  torus.  On  the  other  hand,  proving  that 
an  algebra  is  homotopy-initial  is  generally  a  more  pleasant  endeavor,  since  we  only  have  to 
care  about  satisfying  the  universal  property  with  respect  to  non-dependent  types.  Moreover,  our 
treatment  is  internal  to  the  type  theory  and  hence  fully  constructive  and  formalizable;  this  in  par¬ 
ticular  means  that  once  we  prove  that  an  algebra  is  homotopy-initial,  we  can  run  our  algorithm 
to  automatically  recover  the  term  witnessing  the  induction  principle. 

We  also  investigate  further  higher  inductive  types  -  truncations  [4T  set  quotients  4.2  and 
groupoid  quotients  4.3  -  which  do  not  arise  as  W-quotients  in  an  obvious  way,  and  establish 
analogous  characterizations  in  terms  of  homotopy-initiality.  Furthermore,  we  show  that  set  and 
groupoid  quotients  can  be  recovered  from  W-quotients  and  truncations.  Since  recent  work  by 
E.  Rijke  and  F.  van  Doom  shows  that  truncations  can  be  recovered  from  type  quotients  (which 
are  themselves  subsumed  by  W-quotients)  our  result  implies  that  set  and  groupoid  quotients 
are  special  cases  of  W-quotients.  We  conjecture  that  this  holds  for  all  higher  inductive  types 
described  in  the  first  9  chapters  of  ll33l. 

If  this  is  case,  we  would  have  one  possible  convincing  answer  to  the  still-open  question  of 
“what  is  a  higher  inductive  type”.  As  mentioned  above,  our  approach  is  complementary  to  the 
one  pursued  by  M.  Shulman  and  P.  Lumsdaine  lfT8l.  who  aim  to  develop  a  unifying  schema  for 
higher  inductive  types;  the  possible  relationship  and/or  interplay  between  the  two  approaches  is 
unknown  at  this  time.  On  the  other  hand,  there  is  a  strong  relationship  between  our  approach 
and  the  work  of  van  Doom,  Rijke,  and  others,  on  reducing  general  higher  inductive  types  to  a 
combination  of  a  few  small  “building  blocks”.  Finally,  we  designed  all  the  proofs  in  this  thesis 
with  the  intent  of  formalization  in  the  Coq  proof  assistant,  which  is  a  work  in  progress. 

The  remainder  of  the  thesis  is  organized  as  follows.  We  first  provide  some  background  in 
chapter  [2j  which  summarizes  the  basic  concepts  in  homotopy  type  theory  and  describes  higher 
inductive  types.  We  also  review  the  well-known  result  of  P.  Dybjer,  which  characterizes  inductive 
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types  as  initial  algebras  (in  the  setting  of  extensional  type  theory).  In  chapter  [3}  we  introduce 
the  notions  of  algebras,  morphisms,  and  homotopy-initiality  for  higher  inductive  types.  We 
give  a  formal  definition  of  W-quotients  and  prove  our  main  result  -  the  characterization  of  W- 
quotients  as  homotopy-initial  algebras.  We  conclude  the  chapter  by  showing  how  to  use  the  main 
result  to  derive  analogous  characterizations  for  higher  inductive  types  definable  as  W-quotients, 
for  example  the  circle.  Finally,  in  chapter  [4]  we  establish  the  characterization  of  truncations  as 
homotopy-initial  algebras  and  present  the  reduction  of  set  and  groupoid  quotients  to  W-quotients 
(plus  truncations).  We  derive  the  characterization  of  set  and  groupoid  quotients  as  homotopy- 
initial  algebras  as  a  corollary  to  this  reduction. 
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Background 


We  now  review  some  background  needed  for  the  main  chapters  [3]  and  |4}  In  the  first  section, 
we  briefly  describe  the  extensional  and  intensional  varieties  of  dependent  type  theory  and  indi¬ 
cate  where  homotopy  type  theory  fits  in  the  picture.  The  second  section  is  devoted  to  the  basic 
concepts  of  homotopy  type  theory.  In  the  third  section,  we  discuss  Martin- Lof’s  W-types,  a  well- 
studied  class  of  inductive  types  which  in  the  extensional  setting  subsumes  many  other  inductive 
types  of  interest  such  as  natural  numbers  and  lists.  We  give  a  syntactic  presentation  of  Dybjer’s 
result  characterizing  inductive  types  as  initial  algebras  0;  this  sets  the  stage  for  the  definitions 
and  results  of  chapter  [3}  where  we  move  away  from  considering  ordinary  inductive  types  in  the 
extensional  setting  into  the  land  of  higher  inductive  types  in  the  homotopy  type-theoretic  setting. 
Finally,  in  the  last  section  we  describe  higher  inductive  types  by  giving  a  number  of  specific 
examples,  which  we  will  later  revisit  to  indicate  how  they  arise  as  special  cases  of  our  main 
construction,  the  W-quotient. 
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2.1  Intensional,  Extensional,  and  Homotopy  Type  Theory 

The  core  of  Martin-Lof’s  intensional  type  theory  ll20l.  denoted  "Hint,  is  a  dependent  type  theory 
with  the  following: 

•  Two  main  forms  of  judgment: 

T  h  a  :  A  T  b  a  =  b  :  A 

where  the  former  stands  for  term  membership,  the  latter  for  the  definitional  equality  of  two 
terms,  and  T  denotes  a  context  of  assumptions. 

•  A  cumulative  hierarchy  of  universes  U0  :  U\  :  U2  :  . . .  in  the  style  of  Russell  l[28l. 

•  Dependent  pair  types  Y>x:aB(x)  and  dependent  function  types  I 1x,aB{x)  (with  the  non¬ 
dependent  versions  Ax  B  and  A  B).  We  assume  definitional  ^-conversion  for  functions 
and  pairs,  both  for  the  sake  of  simplicity  and  to  stay  close  to  the  Coq  [|32ll  proof  assistant, 
which  we  intend  to  use  for  formalization. 

•  Identity  types  ldj4(x,  y),  also  denoted  x  =A  y,  obeying  the  following  rules: 

■  Id-formation  rule. 


T  b  A  :Ui  r  b  a:  A  T  b  6  :  A 
T  b  ldA(a,&)  :  Ui 


■  Id -introduction  rule. 


T  b  a  :  A 
T  b  la  :  ldA(a,a) 


■  Id -elimination  rule. 


T  b  a  :  A  r  \~  b  :  A  T  b  q  :  ldA(a,  b) 

T ,x:A,y:  A,p  :  \dA(x,y)  b  E(x,y,p )  :  U}  T,x  :  A  b  d{x)  :  E(a,a,  la) 

T  b  J (x.y.p.E(x,  y,p),x.d(x),  a,  b,  q )  :  E(a,  6,  q) 

■  Id-computation  rule. 


T  b  a  :  A 

T,  x  :  A,  y  :  A,p  :  ld^(a:,  y)  b  E(x,  y,p)  :  Uj  T,  x  :  A  b  d(x)  :  E(a,  a,  la) 

T  b  J (x.y.p.E(x,y,p),x.d(x),a,a,  la)  =  d(a)  :  E(a,a,  la) 

If  the  type  Id a(x,  y)  is  inhabited,  we  say  that  x  and  y  are  (propositionally)  equal.  If  we  do 
not  care  about  the  specific  equality  witness,  we  often  simply  say  that  x  —a  y  or  if  the  type 
A  is  clear,  x  =  y. 

Martin-Lof’s  extensional  type  theory  []22|.  denoted  Hext,  is  obtained  by  extending  'Hint  with 
the  following  rule: 
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Identity  reflection. 


T  b  a  :  A  r  b  b:A  Thp:a=Ab 
T  b  a  =  b  :  A 


Furthermore,  the  identity  reflection  rule  implies  the  following: 

•  Uniqueness-of-identity -proofs  principle  (UIP)  aka  Streicher’s  K  PTl: 

rba:d  T  b  5  :  A  T  \~  p  :  a  =a  b  T  b  q  :  a  =a  b 

r  b  p  =id A(a,b)  q 

Another  consequence  of  identity  reflection  is  the  principle  of function  extensionality,  which  states 
that  two  pointwise-equal  functions  are  equal  as  maps.  This  justifies  the  usage  of  the  terminology 
extensional  type  theory  for  'Hext. 

In  practice,  we  often  extend  the  type  theories  Hiat  and  "Hex t  with  specific  inductive  types,  such 
as  finite  types,  coproducts,  natural  numbers,  well-founded  trees  and  so  on.  These  type  theories 
admit  a  natural  computational  interpretation:  for  instance,  it  is  possible  to  show  that  in  the  empty 
context,  every  term  of  type  N  is  definitionally  equal  to  a  numeral,  a  property  known  as  the 
canonicity  for  natural  numbers.  Intuitively,  this  is  not  surprising  -  since  the  only  constructor  for 
identity  types  that  we  have  available  is  reflexivity,  we  should  always  be  able  to  reduce  any  term 
involving  an  identity  eliminator  by  using  the  computation  rule  for  identity  types  (and  similarly 
for  other  type  constructors).  Translating  this  idea  into  a  proof  however  requires  a  significant 
amount  of  machinery  ll23l . 

In  extensional  type  theory,  the  identity  reflection  rule  makes  propositional  and  definitional 
equalities  coincide.  This  makes  the  system  significantly  easier  to  work  with  and  particularly 
suitable  for  reasoning  about  sets  as  found  in  everyday  mathematics.  Here  a  proof  of  equality 
does  not  carry  any  computational  content  -  two  objects  can  be  equal  in  at  most  one  way.  The  fact 
that  equality  is  no  longer  tied  to  the  syntax  leads  to  undecidable  type  checking,  which,  however, 
does  not  have  to  prevent  automation  -  the  proof  assistant  NuPRL  [fl2|.  which  is  also  based  on  an 
undecidable  type  theory,  manages  this  by  working  with  derivations  of  the  typing  judgment  rather 
than  the  terms  themselves. 

Inductive  types  in  an  extensional  setting  behave  particularly  nicely:  for  instance,  they  can  be 
characterized  as  the  initial  objects  among  certain  algebras :  the  type  of  natural  numbers  N  to¬ 
gether  with  zero  and  the  successor  function  is  precisely  the  initial  object  among  algebras  formed 
by  a  type  C  with  a  term  c0  :  C  and  a  function  cs  :  C  — >  C. 

This  correspondence  breaks  down  in  intensional  type  theory  as  inductive  types  in  this  setting 
tend  to  be  rather  poorly  behaved.  For  instance,  it  is  not  true  that  there  is  a  definitionally  unique 
function  out  of  the  empty  type  0  into  an  arbitrary  codomain  C.  The  best  we  can  do  is  to  show 
that  any  two  such  functions  must  be  pointwise  propositionally  equal,  which,  in  the  absence  of 
function  extensionality,  does  not  even  give  us  equality  as  functions.  Right  away  we  see  that  the 
empty  type  cannot  be  characterized  as  being  initial  among  all  types  and  this  pattern  of  course 
carries  over  to  other  inductive  types  as  well.  As  another  consequence  of  this,  we  get  that  natural 
numbers  can  no  longer  be  encoded  as  Martin-Lof’s  well-founded  trees  in  any  obvious  way  [01 . 
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Thus,  most  of  the  work  on  the  theory  of  inductive  types  has  traditionally  been  in  the  ex- 
tensional  setting  ( e.g .  Ii5l.ll25l.inil-  However,  the  technical  difficulties  associated  with  inductive 
types  in  intensional  type  theory  do  not  necessarily  pose  a  problem  when  inductive  types  are 
used  as  a  device  for  programming.  Furthermore,  type  checking  in  the  absence  of  identity  re¬ 
flection  remains  decidable,  which  makes  variants  of  intensional  type  theory  a  suitable  choice  for 
application-oriented  proof  assistants  such  as  Coq  021  and  Agda  ||261 

Without  identity  reflection,  two  proofs  of  equality  between  a  and  b  may  or  may  not  be  equal 
themselves.  Similarly,  two  proofs  of  equality  between  two  proofs  of  equality  between  a  and  b 
may  or  may  not  be  equal,  and  so  on.  Thus,  in  intensional  type  theory,  proofs  of  equality  carry 
content  and  are  hence  better  understood  as  paths  between  points  (terms)  in  spaces  (types).  This 
intuition  is  further  justified  by  the  fact  that  much  like  paths  in  topological  spaces,  proofs  of 
identity  can  be  reversed,  concatenated,  transported  along  mappings,  and  so  on.  Furthermore,  it 
makes  sense  to  talk  about  the  space  of  all  paths  between  a  and  b,  the  space  of  all  paths  between 
p  and  q,  where  p,  q  are  paths  between  a  and  b,  and  so  on. 

Despite  the  novel  way  of  viewing  proofs  of  equality  as  paths,  as  first  observed  independently 
by  Awodey/Warren,  and  Voevodsky,  the  purely  intensional  type  theory  discussed  so  far  is  rather 
limiting  since  we  have  no  other  path  constructors  besides  reflexivity.  In  particular,  we  have 
no  explicit  way  of  constructing  a  path  between  two  pointwise-equal  functions  or  between  two 
isomorphic  types  in  the  same  universe.  Homotopy  type  theory  provides  us  with  both  -  and  then 
some.  The  core,  denoted  by  T~L,  is  an  extension  of  the  theory  7fint,  with  the  univalence  axiom  [f37ll. 
which  can  roughly  be  paraphrased  as  saying  that  isomorphic  types  are  equal.  We  often  extend 
this  system  further  with  specific  higher  inductive  types ,  which  are  a  generalization  of  ordinary 


inductive  types.  We  will  discuss  these  concepts  in  more  detail  in  Sections  2.2  and  2.4 


The  univalence  axiom  as  well  as  (proper)  higher  inductive  types  give  us  new  ways  of  con¬ 
structing  paths.  This  in  particular  leads  to  numerous  examples  of  paths  whose  endpoints  coincide 
but  which  are  provably  not  equal.  Thus,  the  new  system  is  inconsistent  with  UIP  and  the  tradi¬ 
tional  set  semantics  is  no  longer  sound.  Instead,  we  can  use  the  simplicial  set  model  IfTOl.  the 
cubical  set  model  [[4j],  or  other  related  models,  which  are  all  highly  nontrivial. 

There  are  other  far-reaching  consequences  of  having  nontrivial  path  constructors  around:  for 
instance,  what  is  the  justification  for  the  principle  of  identity  elimination  if  the  identity  type  has 
other  constructors  besides  reflexivity?  In  particular,  what  happens  if  we  apply  the  eliminator  to 
a  path  which  is  not  reflexivity?  Can  a  certain  form  of  canonicity  still  be  recovered?  These  are 
some  of  the  more  pressing  open  questions  at  the  moment  and  are  the  subjects  of  intense  ongoing 
research,  which  we  do  not  pursue  in  this  thesis. 
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2.2  Homotopy  Type  Theory 


In  extensional  type  theory,  a  type  can  be  interpreted  as  a  set  consisting  of  definitionally  distinct 
(equivalence  classes  of)  terms  with  no  non-trivial  identity  paths  among  them.  In  homotopy  type 
theory,  this  discrete  interpretation  is  no  longer  valid.  Instead,  a  type  is  better  understood  as  a 
structure  loosely  termed  “oo -groupoidl"  fl9ljT6,  34],  where  at  the  lowest  dimension  we  have  all 
the  different  terms  (“points”),  at  the  next  dimension  up  we  have  all  the  different  paths  between 
these  points,  a  yet  higher  dimension  has  all  the  different  paths  between  paths  between  points,  and 
so  on. 

A  key  notion  in  homotopy  type  theory  Il33ll  is  that  of  an  equivalence  of  types :  two  types 
are  called  equivalent  if  there  exists  a  function  between  them  which  has  both  a  left  and  a  right 
inverse  up  to  propositional  equality  (an  equivalence).  The  univcilence  axiom  then  postulates 
that  the  path  space  between  any  two  types  A,  B  :  Ui  in  the  universe  can  be  characterized  as 
the  type  of  equivalences  between  A  and  B.  In  particular,  equivalent  types  are  equal  and  are 
thus  indistinguishable  from  within  the  type  theory.  On  the  semantic  side,  examples  of  models 
consisting  of  “oo-groupoids”  which  in  addition  satisfy  univalence  are  provided  by  the  simplicial 
lUOll  and  cubical  0]  set  models. 

2.2.1  Groupoid  Laws 

Proofs  of  identity  behave  much  like  paths  in  topological  spaces:  they  can  be  reversed,  concate¬ 
nated,  mapped  along  functions,  etc.  Below  we  summarize  a  few  of  these  properties: 

•  For  any  path  p  :  x  —a  y  there  is  a  path  p_1  :  y  —a  x,  and  we  have  (lx)  1  =  lx. 

•  For  any  paths  p  :  x  =Ay  and  q  :  y  —a  z  there  is  a  path  p  •  q  :  x  —a  z ,  and  lx  ■  lx  =  lx. 

•  Associativity  of  composition:  for  any  paths  p  :  x  —a  y,  q  ■  y  —a  z,  and  r  :  z  =A  u  we 

have  (p  ■  q)  ■  r  =  p  ■  (q  ■  r). 

•  We  have  lx  ■  p  —  p  and  p  ■  ly  —  p  for  any  p  \  x  =Ay- 

•  For  any  p  :  x  —A  y,  q  '■  y  —a  z  we  have  p  ■  p_1  =  lx,  p_1  ■  p  =  ly,  and  (p_1)  1  =  p, 

(p  ■  q)  1  =  g”1  ■  p~l. 

•  For  any  type  family  P  \  A  —f  U.r  and  path  p  :  x  —a  y  there  are  functions  pf  :  P(x)  — > 
P(y)  and  p*P  :  P(y)  — >  P{x),  called  the  covariant  transport  and  contravariant  transport, 
respectively.  We  furthermore  have  (lx)f  =  iAxfp  =  id  ryx). 

•  We  have  (p_1) f  =  p*P,  (p_1)p  =  pf  and  (p  ■  g)f  =  qf  o  pf ,  (p  ■  q)p  =  p*P  o  q*p  for  any 
family  P  :  A  —>  Ut  and  paths  p  \  x  =Ay,q  \  y  —a  z. 

•  For  any  function  /  :  A  — >•  B  and  path  p  :  x  —A  y ,  there  is  a  path  ap  Ap)  :  f(x)  —b  f(y) 
and  we  have  apf(lx)  = 

•  We  have  apf(p_1)  =  ap /(p)_1  and  ap j(p  ■  q)  =  ap f(p)  ■  ap f(q)  for  any  /  :  A  —>  B  and 
p  ■.  x  =Ay,  q  ■  y  =a  z. 

•  We  have  ap gof(p)  =  apff(ap/(p))  for  any  /  :  A  ->•  B,  g  :  B  C  and  p  :  x  =A  y. 

•  For  any  /  :  Ux:AB(x)  and  path  p  :  x  —a  y,  there  are  paths  dap f(p)  :  pf(f(x))  —b{v)  f(y ) 
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and  dap/(p)  :  p*B(f(y))  =b(x)  ZOO-  We  have  dap/(lx)  =  dapf(lx)  =  lf(x). 

•  All  constructs  respect  propositional  equality. 

2.2.2  Truncation  Levels 

In  general,  the  structure  of  paths  on  a  type  A  can  be  rather  complex  -  we  can  have  many  distinct 
0-cells  x,  y, . . .  :  A;  there  can  be  many  distinct  1 -cells  p,  q, . . .  :  x  —A  y\  there  can  be  many 
distinct  2-cells  7,5,...  :  p  =x=Ay  q\  ad  infinitum.  The  hierarchy  of  truncation  levels  describes 
those  types  which  are,  informally  speaking,  trivial  beyond  a  certain  dimension:  a  type  A  of 
truncation  level  n,  also  called  an  n-typc,  can  be  characterized  by  the  property  that  all  m-cells  for 
m  >  n  with  the  same  source  and  target  are  equal.  From  this  intuitive  description  we  can  see  that 
the  hierarchy  of  truncation  levels  is  cumulative,  in  the  sense  that  if  a  type  if  of  truncation  level  n, 
then  it  is  also  of  truncation  level  n  +  1. 

It  is  customary  to  also  speak  of  truncation  levels  —2  and  —1,  called  contractible  types  and 
mere  propositions  respectively: 

Definition  1.  A  type  A  :  U,  is  called  contractible  if  there  exists  a  point  a  :  A  such  that  any  other 
point  x  :  A  is  equal  to  a: 

isContr(A)  :=  T,a:AUx:A(a  =A  x) 

A  type  A  :  Ui  is  called  a  mere  proposition  if  all  its  inhabitants  are  equal: 

isProp(A)  :=  UXty:A(x  =A  y) 

A  contractible  type  can  be  seen  as  having  exactly  one  inhabitant,  up  to  equality;  a  mere 
proposition  can  be  seen  as  having  at  most  one  inhabitant,  up  to  equality.  Clearly: 

Lemma  2.  If  A  :  U,  is  contractible  then  A  :  U  is  a  mere  proposition. 

The  existence  of  a  path  between  any  two  points  implies  more  than  just  path-connectedness: 
Lemma  3.  If  A  :  U,  is  a  mere  proposition,  then  x  —A  y  is  contractible  for  any  x,y  :  A. 

Thus,  contractible  types  are  in  a  sense  the  “nicest”  possible:  any  two  points  are  equal  up  to  a 
1-cell ,  which  itself  is  unique  up  to  a  2-cell ,  which  itself  is  unique  up  to  a  3 -cell,  and  so  on.  Mere 
propositions  are  the  “nicest”  ones  after  contractible  types. 

We  can  generalize  the  idea  of  the  previous  lemma  to  give  a  recursive  definition  of  an  n-type, 
for  n  >  —  2  (since  we  recurse  on  the  natural  numbers,  we  subtract  2): 

Definition  4.  We  define  a  predicate  is  -(n  —  2) -type  :  U,  — *  U,  by  recursion  on  n  :  N  as  follows: 

is-(— 2)-type(A)  :=  isContr(A) 

is-(n  -  l)-type(A)  :=  UXjy:A\s-(n  -  2)-type(z  =A  y) 

Using  lemma [3j  we  can  easily  show  the  following: 

Corollary  5.  Forn  :  N,  if  A  :  U  is  an  [n  —  2  )-type  then  it  is  also  an  ( n  —  l)-type. 

Corollary  6.  For  n  :  N,  if  A  :  Ut  is  an  (n  —  2  )-type  then  for  any  x,  y  :  A,  the  type  x  =  y  is  also 
an  (n  —  2) -type. 
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2.2.3  Homotopies 

A  homotopy  between  two  functions  is  in  a  sense  a  “natural  transformation”: 
Definition  7.  For  f,  g  :  Ux:aB(x),  we  define  the  type 

f  ~  9  ■=  na:Ald£(a)(/ (a),g(a)) 

and  call  it  the  type  of  homotopies  between  f  and  g. 

Definition  8.  For  f  :  A  — >•  B  and  g  :  A'  — >•  B,  we  define  the  type 

f  ~u  9'-=  na:Ana/:A'lds(/(a),5f(a/)) 

and  call  it  the  type  of  heterogeneous  homotopies  between  f  and  g. 

We  now  observe  the  following: 

•  For  any  f,g  :  X  —>Y,p  :  x  —x  y,  ol  :  /  ~  g,  there  is  a  path 


nat (a,p)  :  a(x)  ■  ap g(p)  =  ap f(p)  ■  a(y) 


defined  in  the  obvious  way  by  induction  on  p  and  referred  to  as  the  naturality  of  the  homo¬ 
topy  a.  Pictorially,  we  have 


f(x) 


a(x 


3P  f(p) 


f(y ) 


nat(a,p) 


(*{y) 


g(x) 


ap  nip) 


g(y ) 


For  any  /,  g  :  Ux:XY(x),  p  :  x  =x  y,  a  :  f  ~  g,  there  is  a  path 

nat x(a,p)  :  ap pv(a(x))  ■  dap9(p)  =  da pf(p)  ■  a(y ) 

defined  in  the  obvious  way  by  induction  on  p  and  referred  to  as  the  naturality  of  the 
“fibered”  homotopy  a.  Pictorially,  we  have 

apPr(a(A)) 


dap f(p) 


P*(f(x))  — 11 - P*(9(x)) 

nat T(a,p)  dap  (p) 

I 

f(y) - 7T - g(y) 


oi(y) 


•  For  any  /  :  X  -A  Z ,  g  :  Y  -»•  Z ,  p  :  xi  =x  x2,  q  :  l)\  =y  y2,  a  :  f  9,  there  is  a  path 

nat n(ot,p,q)  ■  a(xu  j/i)  ■  ap9(g)  =  ap/(p)  ■  a(x2,  y2) 

defined  in  the  obvious  way  by  induction  on  p  and  q  and  referred  to  as  the  naturality  of  the 
heterogeneous  homotopy  a.  Pictorially,  we  have 
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a(x  1,2/1) 


fix  1) 

ap  fip) 

fM 


nat  H(at,p,q) 


g{yi 


ap  M 


Oi(x2,  I/2) 


p(2/2 


2.2.4  Equivalences 

Definition  9.  A  map  f  :  A  ^  B  is  called  an  equivalence  if  it  has  both  a  left  and  a  right  inverse: 
isEq (/)  :=  (Hg.B^A(g  o  f  ~  idA))  x  (T,h:B^A(f  o  h~  idB)) 


We  define 

(A~B)  :=  £/:A_>flisEq (/) 

and  ca//  A  and  B  equivalent  if  the  above  type  is  inhabited. 

Unsurprisingly,  we  can  prove  that  A  and  B  are  equivalent  by  constructing  functions  going 
back  and  forth,  which  compose  to  identity  on  both  side^J  this  is  also  a  necessary  condition. 

Lemma  10.  Two  types  A  and  B  are  equivalent  if  and  only  if  there  exist  functions  f  :  A  — x  B 
and  g  :  B  — X  A  such  that  g  o  /  ~  id. 4  and  f  o  g  ~  id#. 

We  will  refer  to  such  functions  /  and  g  as  forming  a  quasi-equivalence  and  say  that  /  and  <7 
are  quasi-inverses  of  each  other.  From  this  we  can  easily  show: 

Lemma  11.  Equivalence  of  types  is  an  equivalence  relation. 

We  call  A  and  B  logically  equivalent  if  there  are  exist  functions  /  :  A  — >  B,  g  :  B  — >•  A.  It 
is  immediate  that  if  both  types  are  mere  propositions  then  logical  equivalence  implies  A  ~  B. 
For  example: 

Corollary  12.  For  any  A,  isContr(A)  ~  Ax  isProp(A). 

Corollary  13.  For  any  A,  is-(— l)-type(A)  ~  isProp(A). 

2.2.5  Structure  of  Path  Types 

Let  us  first  consider  the  product  type  A  x  B.  We  would  like  for  two  pairs  c,  d  :  A  x  B  to  be 
equal  precisely  when  their  first  and  second  projections  are  equal.  By  path  induction  we  can  easily 
construct  a  function 


Ec,d  :  (c  =  d)  Oi(c)  =  7 11(d))  X  (v r2(c)  =  7T2(d)) 

We  can  show: 

Lemma  14.  The  map  _E*d  is  an  equivalence  for  any  c,d  :  A  x  B. 

'Although  the  type  of  such  functions  itself  is  not  equivalent  to  A  ~  B,  see  chapter  4  of  f33l. 
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We  will  denote  the  quasi-inverse  of  =Exd  by  x  Efd.  We  have  a  similar  correspondence  for  depen¬ 
dent  pairs;  however,  the  second  projections  of  c,  d  :  Y,x,AB(x)  now  lie  in  different  fibers  of  B 
and  we  employ  (covariant)  transport.  By  path  induction  we  can  define  a  map 

=  eL  :  (c  =  d)  -)•  S(p:Tl(c)=7rl(d))(pf  (vr2(c))  =  7r2(d)) 

Lemma  15.  The  map  _E^d  is  an  equivalence  for  any  c,  d  :  Y>x,aB(x). 

We  will  denote  the  quasi-inverse  of  =  E^d  by  sE=d.  We  also  have  an  analogous  correspondence 
using  a  contravariant  transport. 

We  would  like  for  two  types  A,B  :  LA,  to  be  equal  precisely  when  they  are  equivalent.  As 
before,  we  can  easily  obtain  a  function 

The  univalence  axiom  now  states  that  this  map  is  an  equivalence: 

Axiom  1  (Univalence).  The  map  ~  E)j  B  is  an  equivalence  for  any  A,  B  :  IA.L. 

We  will  denote  the  quasi-inverse  of  =  E3[  B  by  ~E^B.  It  follows  from  univalence  that  equivalent 
types  are  equal  and  hence  they  satisfy  the  same  properties: 

Lemma  16.  (TL)  For  any  type  family  P  :  U,  -x  Uj,  and  types  A,  B  \Ui  with  A  ~  B,  we  have 
that  P(A)  ~  P(B).  Thus  in  particular,  P(A)  is  inhabited  precisely  when  P(B)  is. 

Finally,  two  functions  f,g  :  II x._aB{x)  should  be  equal  precisely  when  there  exists  a  homo- 
topy  between  them.  Constructing  a  map 

=  E"9  :  (/  =  g)  -+  (f  ~  g) 

is  easy.  Showing  that  this  map  is  an  equivalence  (or  even  constructing  a  map  in  the  opposite 
direction)  is  much  harder,  and  is  in  fact  among  the  chief  consequences  of  univalence: 

Lemma  17.  (TL,  TLex  t)  The  map  “Ej?  is  an  equivalence  for  any  f,  g  :  II  x:aB(x). 

Proof  See  chapter  4.9  of  [|33l.  □ 

We  will  denote  the  quasi-inverse  of  =E Tflg  by  nEjg.  Function  extensionality  will  turn  out  to  be 
crucial  for  most  of  the  development  in  later  chapters.  As  an  example,  we  note  that  using  lemma[3] 
and  function  extensionality,  we  can  show  the  following: 

Corollary  18.  (TL,  TLex t)  Forn  :  N,  A  :  Ui,  the  types  isContr(A),  isProp(A),  is -(n  —  2)-type(A) 
are  all  mere  propositions. 
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2.3  Inductive  Types 

In  this  section  we  give  an  overview  of  Martin-Lof’s  well-founded  trees  [ITTlI.  also  known  as  W- 
types,  as  a  prominent  example  of  an  inductive  type.  The  classical  result  by  Dybjer  [|5|  character¬ 
izes  W-types  as  initial  algebras  of  polynomial  endofunctors;  here  we  present  the  type-theoretic 
version  of  this  correspondence,  where  we  internalize  the  notions  of  algebras,  morphisms,  and 
initiality  using  the  propositions-as-types  principle. 

Formally,  given  a  type  A  :  U,  and  a  type  family  B  :  /l  — >■  U, ,  the  W-type  W(/l,  B)  :  Ut  is  the 
inductive  type  generated  by  the  single  constructor 

sup  :  n a:A(B(a)  ->  W (A,  B ))  \N(A,  B) 

W-types  can  be  seen  informally  as  the  free  algebras  for  signatures  with  operations  of  possibly 
infinite  arity,  but  no  equations.  Indeed,  the  parameters  A  and  B  can  be  thought  of  as  specifying 
a  signature  that  has  the  elements  of  A  as  operations  and  where  for  any  a  :  A,  the  type  B(a ) 
represents  the  arity  of  the  operation  a.  For  instance,  the  obvious  way  to  encode  the  type  N  of 
natural  numbers  is  to  take  A  :=  2  and  B( T)  :=  0,  B(B)  :=  1,  where  T  represents  the  natural 
number  zero  and  _L  represents  the  successor  operator.  This  encoding  is  adequate  within  exten- 
sional  type  theory  but,  as  remarked  earlier,  fails  to  exhibit  the  right  computational  behavior  even 
up  to  propositional  equality  when  working  in  the  purely  intensional  setting.  Within  homotopy 
type  theory,  the  computation  laws  can  be  recovered  up  to  propositional  equality. 

The  recursion  principle  for  \N(A,  B )  says  that  given  terms 

•  E  :  Uj, 

•  e  :  n a:A(B(a)  — >■  E)  — >•  E, 

there  is  a  recursor  recw(-E\  e)  :  W ( /l ,  B)  — >■  E.  We  usually  omit  the  parameters  E  and  e  if  they 
are  clear  from  the  context.  The  recursor  satisfies  the  computation  law 

•  recw(sup(a,  t))  =  e(a,  recw  °  t)  for  any  a  :  A,t  :  B(a )  — >  \N(A,  B) 

Similarly,  we  have  an  induction  principle:  given  terms 

•  E  :  \N{A,B)  ->Ujt 

•  e  :  Ua:AUt:B  (a)^\N(A,B)  (nb:B(  a)E(t  6))  — >  E(sup(a,t)), 

there  is  an  inductor  indw(f?,  e)  :  nw:W <a,b)E(w).  As  before,  we  usually  omit  E  and  e  if  they  can 
be  inferred.  The  inductor  satisfies  the  computation  law 

•  indw(sup(a,  t))  =  e(a,  t,  indw  °  t)  for  any  a  :  A,t  :  B(a)  — >  W(A,  B ) 

To  present  Dybjer’s  result,  for  the  remainder  of  the  section  we  work  in  extensional  type 
theory.  We  first  note  that  the  induction  principle  implies  the  following  uniqueness  principle: 
given  terms 

•  E  :  Uj, 

•  e  :  Ila:A(B(a)  E)  E, 

•  f  :  W(A,  B)  — >•  E, 

•  /3  :  na:Ant:B(a)^w(A,s)  (/(sup(a,  t))  =e(o,/of)), 
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•  g  :  W(t4,  B)  — >■  E, 

•  7  :  Ua:A'ttt,B(a)^\N(A,B)(g{sup(a:t))  =  e(a,got)), 

we  have  f  —  g.  In  other  words,  any  two  functions  out  of  \N(A,B )  which  satisfy  the  same 
recurrence  are  equal.  We  have  an  analogous  dependent  version  of  the  above  uniqueness  principle: 
given  terms 

•  E  :  \N(A,B)  -tUj, 

•  e  :  Ua:AUt:B  (< a)->\N(A,B )  (nb:B(  a)E(t  &))  — >  E(sup(a,t)), 

•  /  :  n w:\N{A,B)E(w ), 

•  /3  :  na:Ant:B(a)^\N(A,B){f(sup(a,t))  =  e(a,t,f  ot)), 

•  g  ■  nu,;w (A,B)E(w), 

•  7  :  Ua:Ant:B(a)_>w{AB)(g(sup(a,t))  =  e(a,t,got)), 
we  have  /  =  g. 

To  show  this,  we  use  induction  with  the  type  family  w  f(w)  =  g{w).  We  need  a  term 
of  type  nQ:Anf:B(a)^W(A,B)(nb:B(a)(/(f  b)  =  g(t  b )))  -)■  (/(sup(a,f))  =  ^(sup(a,t))).  Fix  the 
parameters  a,  t  and  the  induction  hypothesis  u  :  II b-.B(a)(f(t  b)  =  g(t  b )).  Using  //  with  identity 
reflection  gives  us  /  o  t  =  g  o  t .  Together  with  the  premises  of  the  uniqueness  rule  (and  identity 
reflection  again)  this  gives  us  /(sup(a,  £))  =  g(sup(a,t))  as  desired.  The  induction  principle 
thus  establishes  a  pointwise  equality  between  /  and  g  and  we  appeal  to  function  extensionality 
to  finish  the  proof.  The  simple  uniqueness  principle  follows  from  the  dependent  one. 

Based  on  the  recursion  and  computation  rules,  we  can  internalize  the  well-known  notions  of 
W-type  algebras  and  morphisms  as  follows: 

Definition  19.  For  A  :  Ui,  B  :  A  — >•  U,,  define  the  type  of  W-algebras  on  a  universe  Uj  as 

\NA\gUj{A,B)  :=  EC:UjAa-AB(a)  C)  C 

Definition  20.  For  algebras  X  :  WAIg U.(A,B)  and  y  :  WAIg^  (A.  B),  define  the  type  of  W- 
morphisms/rom  X  toy  by 

WMor  (C,c)  ( D,d )  :=  Ef:C^D^a-.A^t:B{a)^c{f{c(a,t))  =d(a,fot)) 

We  note  that  in  order  to  form  the  type  of  morphisms,  we  had  to  use  propositional  rather 
than  definitional  equality.  Of  course,  in  the  setting  of  an  extensional  type  theory  this  distinction 
is  immaterial;  however,  it  will  become  important  in  section  [3]  The  recursion  principle  now 
becomes  a  property  internal  to  the  type  theory  and  can  be  expressed  compactly  as  saying  that 
there  is  a  morphism  into  any  other  algebra  y: 

Definition  21.  An  algebra  X  :  WAIg^  {A.  B)  satisfies  the  recursion  principle  on  a  universe  U/. 
if  for  any  algebra  y  :  WAIgW(  (A,  B )  there  exists  a  morphism  from  X  to  f': 

hasWRec^fb)  :=  (ny  :  \NA\gUk(A,  B))  WMor  X  y 

To  express  the  induction  principle  in  a  similar  fashion,  we  first  need  to  introduce  dependent 
or  fibered  versions  of  algebras  and  algebra  morphisms: 
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Definition  22.  For  an  algebra  X  :  \NMgu.  (3,  B),  define  the  type  of  fibered  W-algebras  over  X 
on  a  universe  Uk  by 

WFibAlgWfe  ( C,C )  :=  ^E:C^uJ^-a:A^-t-.B{a)^cij^b:Bta)E(t  &))  — >  E(c(d,t )) 

Definition  23.  For  algebras  X  :  \N/\\gu.  ( A ,  B )  and  3  :  WFibAIg^  X,  define  the  type  of  fibered 
W - m orph i s in s from  X  toy  by 

WFibMor  (C,  c)  (E,  e)  :=  ^f:(nX:C)E(x)^a:A^t,B(a)^c{f{c{a,t))  =  e(a,t,fot)) 

Definition  24.  An  algebra  X  :  WAIgWj  (A,  B )  satisfies  the  induction  principle  on  a  universe  Uk 
if  for  any  fibered  algebra  y  :  WFibAIg^,  X  there  exists  a  fibered  morphism  from  X  to  3-' 

hasWlndMfc(*)  :=  (n y  :  WFibAIg^  X)  WFibMor  X  y 


Furthermore,  the  uniqueness  principles  motivate  the  following  definitions: 

Definition  25.  An  algebra  X  :  WAIg^  ( A ,  B )  satisfies  the  recursion  uniqueness  principle  on  a 
universe  Uk  if  for  any  algebra  y  :  WAIg u  (A,  B )  any  two  morphi  sms  from  X  to  y  are  equal: 

hasWRecUniqWfc(W)  :=  (113  :  \NA\gUk(A,  B))  isProp(WMor  X  3^) 

Definition  26.  An  algebra  X  :  WAIgWj  (A,  B )  satisfies  the  induction  uniqueness  principle  on  a 
universe  Uk  if  for  any  fibered  algebra  y  :  WFibAlgWfc  X  any  two  fibered  morphisms  from  X  toy 
are  equal: 


hasWIndUniq^  (W)  :=  (FI^  :  WFibAlgWfc  X )  isProp(WFibMor  X  y) 


The  uniqueness  principles  as  in  Defs.  [25l  26  require  that  any  two  morphisms  (/,/?)  and 


(g,  7)  be  equal  as  pairs ;  however,  in  the  presence  of  UIP  this  is  the  same  as  saying  that  their  first 
components  agree,  i.e.,  that  f  —  g  (and  hence  /  =  g). 


Definition  27.  An  algebra  X  :  \NMgu.(A,  B)  is  initial  on  a  universe  Uk  if  for  any  algebra 
y  :  WAIg^  (A.  B )  there  exists  a  unique  morphism  from  X  to  f': 


isWlnitWfc(T’)  :=  (1132  :  \NA\gUk(A,  5))  isContr(WMor  X  30 


The  contractibility  requirement  precisely  captures  the  notion  of  initiality:  in  the  presence 
of  the  identity  reflection  rule,  a  contractible  type  is  one  which  contains  a  definitionally  unique 
element. 

Note :  We  have  used  the  concepts  of  contractibility  and  mere  propositions,  which  were  in¬ 
troduced  in  section  2.2  in  the  context  of  homotopy  type  theory;  however,  these  definitions  are 
perfectly  applicable  in  the  setting  of  extensional/intensional  type  theory  as  well.  Clearly: 

Lemma  28.  For  an  algebra  X  :  WAIg^  (  A  B )  we  have 

isWlnitWfc(T’)  hasWRecWfc(W)  x  hasWRecllniqw  (X) 


We  have  the  following  relationship  between  the  fibered  and  non-fibered  versions  of  W- 
algebras  and  morphisms: 
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Lemma  29.  For  an  algebra  X  :  WAIg^f/l,  B )  we  have  a  function 

WAIgToFibAIg^*)  :  WAIg^A.B)  — F  WFibAlg„„  X 

Proof.  Let  algebras  (C,  c)  :  WAIg^,  ( A ,  B)  and  (D,  d )  :  \NA\gUk  ( A ,  B)  be  given.  We  turn  (D,  d) 
into  the  desired  fibered  algebra  (E,  e )  :  WFibAlgWfc  (C,  c )  by  putting  .E(x)  :=  D  and  e(a,  t,  u )  := 
d(a,u).  □ 

Remark  30.  We  no/e  that  for  any  algebras  X  :  WAIg^  (A.  B )  and  y  :  WAIgWfe  (/l,  B)  we  have 
WMor  W  ^  =  WFibMor  X  ^WAIgToFibAlg/4(A’)  y'j 
The  previous  two  observations  immediately  imply  the  following: 

Lemma  31.  If  an  algebra  X  :  WAIg^  (A,  B )  satisfies  the  induction  principle  on  the  universe  Uk, 
then  it  satisfies  the  recursion  principle  on  Uk-  In  other  words,  we  have 

hasWlndWfe(T’)  ->■  hasWReq-^W) 

Lemma  32.  If  an  algebra  X  :  \NA\gu.  (A.  B)  satisfies  the  induction  uniqueness  principle  on  the 
universe  Uk,  then  it  satisfies  the  recursion  uniqueness  principle  on  Uk .  In  other  words,  we  have 

hasWlndllniqWfe(T')  — y  hasWReclIniq^  (W) 

The  next  lemma  in  particular  shows  that  it  is  not  necessary  to  have  a  “fibered”  version  of  the 
initiality  property,  which  quantifies  over  all  fibered  algebras  y  :  WFibAlgWfc  X. 

Lemma  33.  (Flex t)  If  an  algebra  X  :  WAIg4  (A,  B)  satisfies  the  induction  principle  on  the 
universe  Uk,  then  it  satisfies  the  induction  uniqueness  principle  on  Uk .  In  other  words,  we  have 

hasWlndtyJ,(T’)  — >  hasWlndUniqWfc  (X) 

Proof  The  proof  is  analogous  to  the  one  showing  that  the  induction  principle  implies  the  depen¬ 
dent  uniqueness  principle,  except  as  in  the  proof  of  the  previous  lemma,  we  use  the  language  of 
algebras  and  morphisms. 

Fix  an  algebra  (■ C ,  c)  :  WAIg4  (A,  B )  and  assume  that  hasWlndWfe(C,  c)  holds.  To  prove  that 
hasWIndllniq^  (C,  c )  holds,  take  any  fibered  algebra  (E.  e )  :  WFibAlg4  ( C ,  c)  and  morphisms 
(/,  fi),  (g,  7)  :  WFibMor  (C,  c)  (E,  e ).  Because  of  UIP,  showing  (/,  0)  =  (g,  7)  is  equivalent  to 
showing  f  =  g. 

To  do  this,  we  use  the  induction  principle  with  the  fibered  algebra  (Ef  e')  :  WFibAIg^,  (C,  c ) 
where  E'(x)  :=  (f(x)  —  g(x))  and  efa,  t,  u)  :=  1  /(c(a,t))-  This  is  indeed  well-typed  since  ft  {a,  t) 
gives  us  /(c(a,  t))  =  e(a,  t,  f  of)  and  7  (a,  t)  gives  us  g(c(a,  t))  =  e(a,  t,  g  o  t)  and  u  gives  us 
/  o  t  =  g  o  t,  hence  we  have  f(c(a,  t))  =  g(c(a,  t )). 

The  first  component  of  the  resulting  morphism  from  ( C ,  c)  to  ( E e')  together  with  function 
extensionality  then  gives  us  /  =  g  as  desired.  □ 

Corollary  34.  (7fext)  If  an  algebra  X  :  WAIg4  {A,  B  )  satisfies  the  induction  principle  on  the 
universe  Uk,  then  it  is  initial  on  Uk ■  In  other  words,  we  have 

hasWlnd24(W)  ->•  \s\N\wtUk(X) 
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Lemma  35.  ("Hex  t)  If  an  algebra  X  :  WAIgw  ( A ,  B )  satisfies  the  recursion  and  recursion  unique¬ 
ness  principles  on  the  universe  Uk  and  k  >  j,  then  it  satisfies  the  induction  principle  on  Uk-  In 
other  words,  we  have 

hasWRec^fe(A’)  x  hasWRecUniqWfe(A’)  — y  hasWInd^T’) 


provided  k  >  j. 

Proof.  Let  an  algebra  (C,c)  :  \NA\gu.(A,  B)  be  given  and  assume  that  hasWRecWfc(C,  c)  and 
hasWRecllniqWfe(C',  c)  hold.  To  prove  that  hasWlnd^fc(C,  c)  holds,  fix  a  fibered  algebra  (E,  e)  : 
WFibAlgw  (C,  c ).  We  use  the  recursion  principle  with  the  algebra  ( D .  d)  :  WAIgWfc  (A,  B )  where 
D  :=  E x-cE(x)  and  d(a,u)  :=  (c(a,  7Tiort),  e(a,  7Tiom,  7r2ort)).  We  note  that  the  type  D  belongs 
to  Uk  as  J  <  k.  The  recursion  principle  then  gives  us  a  morphism  (/,  0)  :  WMor  (C,  c )  (D,  d), 
where  /  :  C  ->■  E^F^)  and  (3  :  Ua:AU  t:B{a^c{f(c(a,t))  =  d(a,  /of)).  Hence,  for  any  a,t 
we  have 

/(c(a,  t))  =  (c(a,  7Ti  o  /  o  f),  e(a,  7Ti  o  /  o  f,  7t2  o  /  o  f))  (*) 

We  now  want  to  show  that  the  function  7Ti  o  /  :  C  — >  C  is  in  fact  the  identity  on  6'.  We  can 
do  this  by  endowing  both  of  the  functions  7Tio  and  idr  with  a  morphism  structure  on  the  algebra 
(C,  c);  by  the  recursion  uniqueness  principle  it  will  follow  that  these  morphisms  are  equal,  and 
in  particular  they  are  equal  as  maps.  For  the  identity  function,  this  reduces  to  showing  that  for 
any  a,  t,  we  have  c(a,  t)  =  c(a,  t),  which  is  obvious.  For  the  function  7Ti  o  /,  we  need  to  show 
that  for  any  a,  t,  we  have  7Ti(/(c(a,  f)))  =  c(a,  7Ti  o  /  o  f).  But  this  follows  by  applying  the  first 
projection  to  (*). 

The  recursion  uniqueness  principle  tells  us  that  the  two  morphisms  just  constructed  are  equal 
and  in  particular,  we  have  ni  o  f  =  id c-  This  means  that  the  map  7t2  o  /  has  the  desired  type 
Ylx,c.E(x)  and  it  remains  to  show  that  it  can  be  endowed  with  a  fibered  morphism  structure  on 
(E,  e),  i.e.,  that  for  any  a,  t  we  have  n 2(/(c(a,  t)))  =  e(a,  t,  7t2  o  /  o  f).  This  follows  by  applying 
the  second  projection  to  (*)  and  using  the  aforementioned  result  that  7Ti  o  /  =  id^.  □ 

Corollary  36.  (7fext)  For  A  :  Ui,  B  :  A  — >•  U,,  the  following  conditions  on  an  algebra  X  : 
WAIg^  (A,  B)  are  logically  equivalent: 

•  X  satisfies  the  induction  principle  on  the  universe  Uk 

•  A"  A  initial  on  the  universe  Uk 
for  k  >  j.  7/7  o//7C7'  words,  we  have 

hasWlndWfc(T’)  isWlnitWfe(^) 


provided  k  >  j. 

Corollary  37.  (77ext  +  W)  For  A:  Uit  B  :  A^  Ut,  the  algebra 

(w(AB).sup)  :WAIgw(AB) 


A  initial  on  any  universe  Uj. 
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2.4  Higher  Inductive  Types 

An  inductive  type  X  can  be  understood  as  being  freely  generated  by  a  collection  of  constructors: 
in  the  familiar  case  of  natural  numbers,  we  have  the  two  constructors  for  zero  and  successor.  The 
property  of  being  freely  generated  can  be  roughly  stated  as  an  induction  principle:  in  order  to 
show  that  a  property  P  :  N  — >•  Ur  holds  for  all  n  :  N,  it  suffices  to  show  that  it  holds  for  zero 
and  is  preserved  by  the  successor  operation.  As  a  special  case,  we  get  the  recursion  principle:  in 
order  to  define  a  map  /  :  N  — >  C,  is  suffices  to  determine  its  value  at  zero  and  its  behavior  with 
respect  to  successor. 

Moreover,  the  induction  principle  (with  function  extensionality)  implies  that  any  two  func¬ 
tions  out  of  N  which  satisfy  the  same  recurrence  are  equal.  This  suggests  another,  perhaps  more 
familiar  notion  of  being  freely-generated,  in  the  sense  that  there  is  an  essentially  unique  homo¬ 
morphism  from  X  to  any  other  structure  having  the  same  form  -  in  the  case  of  natural  numbers, 
the  structures  are  triples  (C,  z,  s )  where  C  is  a  type  and  z  :  C,  s  :  C  ^  C  are  terms.  In 
||3ll,  we  showed  that  these  two  notions  of  freeness  coincide  for  ordinary  inductive  types  in  the 
homotopy-type-theoretic  setting. 

Higher  inductive  types  generalize  ordinary  inductive  types  by  allowing  constructors  involving 
path  spaces  of  X  rather  than  just  X  itself,  as  the  next  example  shows. 

2.4.1  The  Circle 

The  circle  S1  ([[15]  17,  30j,  chapter  6.2  of  ll33ll  is  represented  as  an  inductive  type  S  :  Uq  with 
two  constructors: 


base  :  S 

loop  :  base  =s  base 


This  in  particular  means  that  we  have  further  paths,  such  as  loop-1  ■  loop  ■  loop  ■  lbaSe  (which  is 
equal  to  loop).  We  can  reason  about  the  circle  using  the  principle  of  circle  recursion,  which  tells 
us  that  given  terms 

•  C  :  Z4 

•  c:  C, 


•  s  :  c—  c, 

there  is  a  recursor  recs(C,  c,  s)  :  S  — >  C.  The  recursor  satisfies  the  computation  laws 

•  recs(base)  =  c, 


19 


•  aPrecs0OOP)  =  S. 

The  second  rule  type-checks  by  virtue  of  the  first  one.  We  note  that  in  order  to  record  the  effect  of 
the  recursor  on  the  path  loop,  we  use  the  “action-on-paths”  construct  ap.  Since  this  is  a  derived 
notion  rather  than  a  primitive  one,  we  state  the  rule  as  a  propositional  rather  than  definitional 
equality. 

We  also  have  the  more  general  principle  of  circle  induction,  which  subsumes  recursion.  In¬ 
stead  of  a  type  C  \Ui  we  now  have  a  type  family  E  :  S  — >■  Ui.  Where  previously  we  required 
a  point  c  :  C,  we  now  need  a  point  e  :  E( base).  Finally,  an  obvious  generalization  of  needing 
a  loop  s  :  c  =c  c  would  be  to  ask  for  a  loop  d  :  e  =E( base)  e.  However,  this  would  be  incor¬ 
rect:  once  we  have  our  desired  inductor  of  type  Tlx:sE(x),  its  effect  on  loop  is  not  a  loop  at  e 
in  the  fiber  E( base)  but  a  path  from  loopf  (e)  to  e  in  f?(base)  (or  its  contravariant  version).  The 
induction  principle  thus  takes  the  following  form:  given  terms 

•  E:S^Ui, 

•  e  :  .E'(base), 

•  d  :  loopf  (e)  =  e, 

there  is  an  inductor  inds(-E,  e,  d)  :  IL^s-E^x).  The  inductor  satisfies  the  computation  laws 

•  inds(base)  =  e, 

•  dapindg(loop)  =  d. 

2.4.2  The  Circle,  Round  Two 

We  could  have  alternatively  represented  S1  as  an  inductive  type  §  :  Uq  with  four  constructors 
(chapter  6.4  of  ll33lf: 

north  :  S 
south  :  § 

east  :  north  =§  south 
west  :  north  =§  south 

pictured  as 


north 


The  recursion  principle  now  says  that  given  terms 


•  C  :  Ui, 

•  c:  C, 
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•  d:  C, 

•  p  :  c—  d, 

•  q  :  c—  d, 

there  is  a  recursor  rec§(C,  c,  d,p,q)  :  §  — *  C.  The  recursor  satisfies  the  computation  laws 

•  recg(north)  =  c, 

•  rec§(south)  =  d, 

•  aPrecs(east)  =  P, 

•  a  preCg  (west)  =  q. 


The  corresponding  induction  principle  says  that  given  terms 

•  E  :  S  ->■  £4 

•  u  :  i?(north), 

•  v  :  i?(north), 

•  p  :  eastf  (u)  =  v, 

•  v  :  westf  (w)  =  v, 

there  is  an  inductor  ind§(-E,  u ,  v,  p,  u)  :  Ux:§E(x).  The  inductor  satisfies  the  computation  laws 

•  ind§(north)  =  u, 

•  inds(south)  =  v, 

•  dapinds(east)  =  p, 

•  daPinds(west)  =  z/- 

In  section  3. 1 ,  we  will  return  to  the  two  different  definitions  of  a  circle  and  examine  how  they 
relate  to  each  other. 


2.4.3  The  Interval 

The  interval  type  I  :  Un  (ifTTl  l29l  [301,  chapter  6.3  of  OH)  is  a  simple  higher  inductive  type 
generated  by  two  points  and  a  path  connecting  them: 


Oj  :  I 
In  :  I 

seg  :  0i  =i  In 


pictured  as 


Oj 


seg 


li 


The  recursion  principle  now  says  that  given  terms 

•  C  :  Z4 

•  c:  C, 

•  d:C, 
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•  p  :  c  =  d, 

there  is  a  recursor  recI(C',  c,d,p )  :  I  — >  C.  The  recursor  satisfies  the  computation  laws 

•  reci(Oi)  =  c, 

•  reci(li)  =  d, 

•  aPrec,(Seg)  =  P- 

The  corresponding  induction  principle  says  that  given  terms 

•  E  I  — y  IA;L , 

•  u  :  -E(0]i), 

•  v  :  E(lf), 

•  //  :  segf  (u)  =  v, 

there  is  an  inductor  indI(J£7,  u,  v,  p)  :  II;c.]I£,(a;).  The  inductor  satisfies  the  computation  laws 

•  indn(On)  =  u, 

•  indi(li)  =  v, 

•  dapindi(seg)  =  /j. 

It  is  easy  to  show  that  the  interval  is  contractible  (see  chapter  6.3  of  031);  however,  it  still  has 
some  interesting  properties.  For  instance,  the  existence  of  an  interval  by  itself  implies  function 
extensionality  chapter  6.3  of  If33l0. 

2.4.4  Suspensions 

If  we  look  at  the  specification  of  the  higher  inductive  types  §  and  I,  we  see  that  they  are  both 
generated  by  two  points  (north,  south  for  §  and  On,  lj  for  I)  and  a  given  number  of  paths  between 
them  (the  two  paths  east,  west  for  S  and  the  single  path  seg  for  I).  Suspensions  (lUTil.  chapter  6.5 
of  Il33l0  generalize  this  observation  by  allowing  an  arbitrary  number  of  path  generators  between 
the  distinguished  points.  Formally,  given  a  type  A  :  the  suspension  EA  :  U,  is  the  higher 

inductive  type  generated  by  the  two  constructors 

N  :  EA 
S  :  EA 

mer  :  IIn:A(N  =Sj4  S) 

pictured  as 


N 
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Hence,  for  each  a  :  A  we  get  one  “meridian”  mer(a)  running  from  the  “north”  N  to  the  “south' 
S.  The  recursion  principle  for  the  suspension  EA  says  that  given  terms 


•  C  :  Uj, 

•  c:  C, 


•  d:C, 

•  p  :  na:A(c  =  d), 

there  is  a  recursor  recSA(C,  c,  d,p )  :  EA  — y  C.  The  recursor  satisfies  the  computation  laws 

•  recSj4(N)  =  c, 

•  recEA(S)  =  d, 

•  aPrecE^(mer(a))  =  p(a)  for  any  a  :  A. 

The  corresponding  induction  principle  says  that  given  terms 

•  E  :  EA  ->  Uj, 

•  u  :  E(N), 

•  v:E{  S), 

•  /jt  :  na:A(segf(w)  =  t-), 

there  is  an  inductor  indEA(f?,  u,  v,  p)  :  II x,t.aE{x).  The  inductor  satisfies  the  computation  laws 

•  indSA(N)  =  u, 

•  indSA(S)  =  v, 

•  daPindEA(mer(a))  =  p  for  any  a  :  A. 

It  is  easy  to  see  that  we  can  describe  the  types  I  and  S  as  the  suspensions  El  and  E2  respec¬ 
tively,  and  that  the  type  2  itself  arises  as  the  suspension  SO.  Moreover,  it  turns  out  the  suspension 
E§  (or  E(E2))  looks  very  much  like  the  ordinary  3-dimensional  sphere  S2: 


N 


S 


As  we  can  see  in  the  above  picture,  for  any  point  x  :  S,  and  in  particular  for  north  and  south, 
we  get  a  path  mer(.z')  running  from  N  to  S,  giving  us  the  full  sphere  S2.  Using  this  idea  (|H71 
chapter  6.5  of  Il33l0.  we  can  define  the  n-spherc  recursively: 
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Definition  38.  We  define  a  type  Sn  1  by  recursion  on  n  \  N  as  follows: 

S’1  :=  0 
S n  :=  SSn_1 

One  can  show  that  spheres  defined  as  above  indeed  have  many  of  the  familiar  mathematical 
properties  that  one  would  expect  (see  lfl3l  15],  notes  in  chapter  8  of  ll33ll). 

2.4.5  Type  Quotients 

As  we  saw  in  the  previous  section,  suspensions  allow  us  to  specify  an  arbitrary  number  of  path 
constructors  between  the  two  points  N  and  S.  We  can  take  this  idea  further  by  also  allowing  an 
arbitrary  number  of  point  constructors.  Type  quotients  ll36l  accomplish  just  that:  formally,  for  a 
type  A  :  U,  and  a  type-family  R  :  A  A  Hi  we  define  A/R  :  U,  to  be  the  higher  inductive 
type  generated  by  the  constructors 

point  :  A  —y  A/R 

cell  :  II a)b;AR{a,b)  — *  (point(a)  =  point(6)) 

The  type  A  can  be  understood  as  the  type  of  labels  for  point  constructors  and  for  each  a,b  :  A, 
the  type  R(a,  b )  can  be  understood  as  the  type  of  labels  for  path  constructors  between  the  points 
labeled  by  a  and  b.  The  recursion  principle  for  type  quotients  says  that  given  terms 

•  E  :  Uj, 

•  /  :  A  — >  E, 

•  p  :  n atb:AR(a,b)  ->•  (/(a)  =  /(&)), 

there  is  a  recursor  r ec./.(E,  f,p )  :  A/R  — *  E.  The  recursor  satisfies  the  computation  laws 

•  rec./.(point(a))  =  /(a)  for  any  a  :  A, 

•  aprec  /  (cell(z))  =  p{z)  for  any  a  :  A,b  :  A,  z  :  R(a,  b). 

Similarly,  we  have  an  induction  principle:  given  terms 

•  E  :  A/R  Uj, 

•  /  :  na:j4E(point(a)), 

•  p  :  na)6:Anz:W)(cell(z)f  f(x)  =  f(y)), 

there  is  an  inductor  ind ./.(E,  f,p )  :  UX.A /rE(x).  The  inductor  satisfies  the  computation  laws 

•  ind./. (point(a))  =  /(a)  for  any  a  :  A, 

•  dapind  ,  (cell (2:))  =  p{z)  for  any  a  :  A,b  :  A,  z  :  R(a,  b). 

Recent  work  by  F.  van  Doom  11361,  Egbert  Rijke,  and  others  shows  that  despite  their  relative 
simplicity,  type  quotients  are  a  quite  general  class  of  higher  inductive  types,  in  the  sense  that 
many  other  higher  inductive  types  (such  as  any  of  the  previous  ones  presented  in  this  section 
and  propositional  truncations),  can  be  reduced  to  special  cases  of  type  quotients,  although  this 
reduction  can  be  highly  non-trivial). 
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W-quotients  and  Homotopy-initiality 


In  this  chapter  we  describe  the  main  contributions,  most  of  which  revolve  around  the  notion  of 
homotopy-initiality,  originally  introduced  in  As  the  name  suggests,  this  universal  property 
generalizes  the  category-theoretic  concept  of  “initiality”  to  the  homotopy-type-theoretic  setting. 
Its  major  significance  is  that  it  is  equivalent  to  the  induction  principle  but  often  simpler  to  state 
and  prove:  the  induction  principle  for  a  higher  (or  even  an  ordinary)  inductive  type  involves 
dependent  types  and  as  such  can  be  rather  hard  to  understand  (let  alone  establish  in  a  model). 
Even  for  higher  inductive  types  generated  by  relatively  simple  data,  such  as  the  torus,  the  full 
induction  principle  can  be  rather  convoluted  and  tedious  to  work  with.  Working  with  homotopy- 
initiality,  on  the  other  hand,  tends  to  be  simpler  since  we  only  have  to  care  about  satisfying 
the  universal  property  with  respect  to  non-dependent  types.  Moreover,  all  proofs  we  give  are 
internal  to  the  type  theory  and  hence  fully  constructive  and  formalizable;  this  in  particular  means 
that  once  we  prove  that  an  algebra  is  homotopy-initial,  we  can  run  our  algorithm  to  automatically 
recover  the  term  witnessing  the  induction  principle. 

The  first  section  of  this  chapter  serves  to  introduce  the  notion  of  algebras,  morphisms,  and 
the  associated  recursion,  induction,  and  homotopy-initiality  principles  for  the  higher  inductive 
types  introduced  in  chapter  |2.4|  We  start  by  showing  how  this  generalized  setting  allows  us 


to  overcome  certain  drawbacks  introduced  by  relying  on  specific  definitional  behavior  of  some 
higher  inductive  types  (corollaries  [6T|  |62j) . 

The  second  section  describes  W-quotients,  which  are  the  central  construction  in  the  thesis. 
The  third  section  is  entirely  devoted  to  proving  the  main  result  (theorem  ).  The  proof  itself  relies 
on  a  series  of  steps,  which  we  give  as  separate  lemmas  but  which  are  useful  on  their  own:  for 
example,  lemmas  [9T| and  p~0T|  characterize  the  path  space  between  two  algebra  morphisms  as  the 
type  of  cells,  and  can  be  thought  of  as  principles  of  “univalence”  for  the  type  of  morphisms. 

The  last  section  focuses  on  showing  that  the  higher  inductive  types  introduced  in  chapter [Z4| 
are  really  just  special  cases  of  W-quotients.  We  show  this  in  a  precise  sense  and  in  the  process 
derive  the  homotopy-initiality  characterization  for  these  higher  inductive  types  (e.g.,  corollaries 

[TT3|[TT4l[TT5T). 
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3.1  Algebras  for  Higher  Inductive  Types 


In  section  2.3  we  introduced  the  type-theoretic  counterparts  of  the  notions  of  algebras,  mor- 
phisms,  and  initiality  for  W-types  [0,  and  used  them  to  establish  a  syntactic  version  of  the 
well-known  result  by  Dybjer  [0,  which  characterizes  W-types  in  extensional  type  theory  as  pre¬ 
cisely  the  initial  algebras.  As  given,  our  definitions  make  perfect  sense  even  in  the  absence  of 
identity  reflection  and  UIP  -  except,  of  course,  they  no  longer  internalize  the  concepts  of  (strict) 
morphisms  and  initiality,  but  rather  their  “up-to-homotopy”  counterparts.  In  the  intensional  set¬ 
ting,  we  still  want  to  refer  to  maps  which  preserve  the  algebra  structure  as  morphisms,  albeit  in  a 
more  general  sense;  however,  we  replace  initiality  by  homotopy -initiality,  which  internalizes  the 
notion  of  existence  plus  uniqueness  as  contractibility: 


Definition  39.  An  algebra  X  :  WAIg^.  (A,  B )  is  homotopy-initial  on  a  universe  Uf.  if  for  any 
algebra  y  :  WAIgWfc  (A  B ),  the  type  of  W -morphisms  from  X  toy  is  contractible: 


isWHInit^fe(W)  :=  (iiy  :  WAIgWfc  (A,  £>))  isContr(WMor  X  y) 


As  noted  in  chapter  2,  the  contractibility  requirement  implies  that  there  exists  a  morphism 
from  X  to  y  which  is  unique  up  to  a  higher  path,  which  is  itself  unique  up  to  a  yet  higher  path, 
and  so  on.  As  we  showed  in  0,  this  is  precisely  the  universal  property  characterizing  W-types  in 
homotopy  type  theory;  in  fact,  the  notions  of  what  it  means  to  be  a  W-type  and  a  homotopy-intial 
algebra  are  equivalent  mere  propositions.  Our  goal  in  this  chapter  is  to  establish  an  analogous 
equivalence  for  a  reasonably  large  class  of  higher  inductive  types.  We  start  by  revisiting  our 
running  example  of  the  circle. 


3.1.1  Circle  Algebras 


In  section  2.4[  we  gave  two  definitions  of  the  unit  circle  as  a  higher  inductive  type.  It  is  not  hard 
to  show  that  the  two  types  are  equivalent  (chapter  6.5  of  ll33l): 


Lemma  40.  (Ttm t  +  S  +  S)  We  have  S  ~  S. 


Proof  sketch.  From  left  to  right,  map  base  to  north  and  loop  to  east  ■  west  1 .  From  right  to  left, 
map  both  north  and  south  to  base,  east  to  loop,  and  west  to  lbase-  Using  the  respective  induction 
principles,  show  that  these  two  mappings  compose  to  identity  on  both  sides.  □ 


In  particular,  the  types  S  and  §  satisfy  the  same  properties  (see  Lem.  16).  We  would  thus 
expect  the  induction  principle  for  S  to  carry  over  to  §,  and  vice  versa.  Indeed,  with  a  little  effort 
we  can  show  the  former: 


Lemma  41.  (7fmt  +  S)  The  type  §  satisfies  the  induction  and  computation  laws  for  S,  with  north 
acting  as  the  constructor  base  and  east  ■  west-1  acting  as  the  constructor  loop. 

In  the  other  direction,  though,  we  hit  a  snag  -  the  only  obvious  choice  we  have  is  to  define 
both  points  north  and  south  to  be  base,  one  of  the  paths  west  and  east  to  be  loop,  and  the  other 
one  the  identity  path  at  base.  This,  however,  does  not  give  us  the  desired  induction  principle: 
unless  the  two  given  points  u  :  E{ base)  and  v  :  E{ base)  happen  to  be  definitionally  equal,  we 
will  not  be  able  to  map  base  to  both  of  them,  as  required  by  the  computation  rules. 
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This  poses  more  than  just  a  conceptual  problem  -  in  mathematics,  we  often  have  several 
possible  definitions  of  a  given  notion,  all  of  which  are  interchangeable  from  the  point  of  view 
of  a  “user”.  Having  two  definitions  of  a  circle  which  are  not  (known  to  be)  interchangeable, 
however,  can  be  problematic:  any  theorem  we  establish  about  or  by  appealing  to  §  might  no 
longer  hold  -  or  even  type-check!  -  when  using  S  instead.  As  an  example,  take  the  second 
computation  law  for  §,  dapinds(SjUjVj/ijI/)(west)  =  v.  If  we  attempt  to  “implement”  §  using  the 
circle  S  instead  -  by  taking  north,  south  :=  base,  east  :=  loop,  west  :=  lbase  -  the  computation 
law  is  no  longer  well-typed  since  the  left-hand  side  reduces  to  a  reflexivity  path  whereas  the  right 
hand  side  is  a  path  from  u  to  v.  The  issue  associated  with  having  different  representations  is  not 
specific  to  higher  inductive  types:  a  similar  problem  arises  when  we  encode  natural  numbers  as 
a  W-types.  In  this  representation,  we  can  show  that  the  computation  rule  for  the  successor  holds 
up  to  propositional  equality  but  have  no  (known)  way  to  make  it  hold  definitionally. 

This  is  one  of  the  motivations  for  considering  inductive  types  with  propositional  computa¬ 
tion  behavior:  we  now  want  to  investigate  types  which  “act  like  the  circle”  up  to  propositional 
equality.  In  the  case  of  S,  such  a  type  C  :  U%  should  come  with  a  point  b  :  C  and  loop  l  :  c  =c  c. 
In  the  case  of  §,  such  a  type  should  come  with  two  points  n,s:C  and  two  paths  e,w  :  n  —c  s. 
We  can  express  this  more  concisely  as  follows: 

Definition  42.  Define  the  type  of  S-algebras  on  a  universe  Ut  as 

S-Algw  :=  T,C:Ui^b:c(b  =  b ) 

Definition  43.  Define  the  type  of  S-algebras  on  a  universe  U,  as 


§-Algw.  :=  T,C:Ui^n:C^s:c(n  =  s)  X  (n  =  s) 


We  are  now  interested  in  maps  between  algebras  which  in  a  suitable  sense  preserve  the  distin¬ 
guished  points  and  paths,  i.e.,  algebra  morphisms.  A  morphism  between  two  S-algebras  (C,  c,  p) 
and  ( D ,  d,  q )  should  be  a  function  /  :  C  — >  D  for  which  we  have  a  path  /3  :  /(c)  =  d.  Further¬ 
more,  /  should  also  appropriately  relate  p  and  q.  To  figure  out  what  this  means,  we  observe  that 
if  we  map  p  along  /,  we  obtain  a  path  ap  f(p)  :  /(c)  =  /(c).  Each  of  the  (identical)  endpoints 
is  equal  to  d,  via  the  path  j3.  Thus,  we  now  have  another  path  f3~l  ■  ap  f(p)  ■  fi  :  d  =  d.  It  is 
reasonable  to  require  that  this  path  be  equal  to  q,  i.e.,  that  the  following  diagram  commutes: 


/(c) 


aP/(p)  ft  \ 

-  /(c) 


0 


/3 


d 


q 


d 


Likewise,  a  morphism  between  two  S-algebras  ( C ,  a ,  b,p,  q)  and  ( D ,  c,  d,  r,  s )  should  be  a  func¬ 
tion  /  :  C  — »  D  for  which  we  have  paths  (3  :  f(a )  —  c,  7  :  f{b)  =  d  and  for  which  the  following 
diagrams  commute: 


ap  f{p) 

f(a)  — —  m 


P 


ap  /(<?) 

/(a)  - f(b) 


7 

0 

c - 

: -  d 

c 

- 

: -  d 
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In  other  words,  an  S-  or  S-morphism  behaves  just  like  a  function  constructed  by  the  appropriate 
circle  recursion,  albeit  with  propositional  computation  laws  for  points  and  paths.  We  can  express 
this  as  follows: 

Definition  44.  For  algebras  X  :  S-Algw.  and  y  :  S-Algw  ,  define  the  type  of  S-morphisms  from 
X  toy  by 


S-Mor  (C,  c,p)  (D,  d,  q)  :=  E/:C^S/3;/(c)=d(ap/(p)  =  fi  ■  q  ■  (3  x) 


Definition  45.  For  algebras  X  :  §-Alg^  and  y  :  S-Algw define  the  type  of  S-morphisms /rom 
X  toy  by 


§-Mor  (C,a,b,p,q)  (. D,c,d,r,s )  :=  S f:c^D^:f(a)=c^rm=d 
(ap f(p)  =  P  ■  r  ■  7_1)  x  (aP/(g)  =  fi  ■  s  ■  7_1) 

We  note  that  as  in  Sect.|2.3[  we  needed  propositional  computation  laws  to  be  able  to  form  the 
type  of  morphisms.  The  recursion  principle  is  again  a  property  internal  to  the  type  theory  and 
can  be  expressed  analogously  as  saying  that  there  is  a  morphism  into  any  other  algebra  y-. 

Definition  46.  An  algebra  X  :  S-Algw.  satisfies  the  S-recursion  principle  on  a  universe  Uj  if  for 
any  algebra  y  :  S-AIg^  there  exists  a  morphism  from  X  to  f': 

has-S-Rec^.  (X)  :=  (ny  :  S-AlgWj)  S-Mor  X  y 

Definition  47.  An  algebra  X  :  8-A\gu  satisfies  the  S-rccursion  principle  on  a  universe  Uj  if  for 
any  algebra  y  :  §-AlgWj  there  exists  a  morphism  from  X  to  f': 

has-S-Rec^(A’)  :=  (n^  :  S-AlgWj)  §-Mor  X  y 

As  in  Sect.  [273]  to  express  the  induction  principle  in  a  similar  fashion  we  introduce  the  fibered 
versions  of  algebras  and  algebra  morphisms: 

Definition  48.  For  an  algebra  X  :  S-Algw.,  define  the  type  of  fibered  S-algebras  over  X  on  a 
universe  Uj  by 


S-FibAlgw.  (C,c,p)  :=  S£:C^w.Ee:E(c)  (pf  (e)  =  e) 

Definition  49.  For  an  algebra  X  :  §-Algw.,  define  the  type  of  fibered  §-algebras  over  X  on  a 
universe  Uj  by 

S-FibAIg^,  ( C-,c,d,p,q )  :=  T,E:C^uj^u:E(c)^v:E(d)  (pf  (w)  =  v)  x  (qf(u)  =v) 

Definition  50.  For  algebras  X  :  S-AIg^  and  y  :  S-FibAIg^  X,  we  define  the  type  of  fibered 
S-morphisms  from  X  to  y  by 

S-FibMor  (C,c,p)  ( E,e,q )  :=  Zf:(nx:C)E(x)Zp.f(c)=e(dapf(p)  =  appf(/3)  ■  q  ■  /T1) 

Pictorially,  the  last  component  of  an  S-morphism  witnesses  the  commuting  diagram 
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pf(Hc)) 

via  (3 


dap  f(p) 


/(c) 

(3 


P f  (e) - - - e 

Definition  51.  For  algebras  X  :  §-Algw.  and  >'  :  S-FibAIg^  A",  we  define  the  type  of  fibered 
S-morphisms/rom  X  toy  by 


S-FibMor  (C,a,b,p,q)  ( D,c,d,r,s )  :=  T,f:(ux:C)E(x)^^f{a)=J3r-f(b)=d 
(dap f(p)  =  ap pe(P)  ■  r  ■  7"1)  x  (daP/(g)  =  a pqe{/3)  ■  5  ■  7_1) 

Pictorially,  the  last  two  components  of  an  S-morphism  witness  the  commuting  diagrams 

dap f(q) 


dap f{p) 

p?(f(a))  — - —  m 


via  (3 
P*(c) 


Pf(/(a)) 


via  (3 


P*(c) 


fib) 


The  induction  principle  can  now  be  expressed  as  saying  that  there  is  a  fibered  morphism  into  any 
fibered  algebra  y: 

Definition  52.  An  algebra  X  :  S-AIg^  satisfies  the  S-induction  principle  on  a  universe  Uj  if  for 
any  fibered  algebra  y  :  S-AIg^  X  there  exists  a  fibered  morphism  from  X  to  f': 

has-S-Ind^  (X)  :=  (n^  :  S-FibAIg^)  S-FibMor  A>  y 

Definition  53.  An  algebra  X  :  S-Algw  satisfies  the  S-induction  principle  on  universe  Uj  if  for 
any  fibered  algebra  y  :  S-Algw_.  X  there  exists  a  fibered  morphism  from  X  to  f': 

has-S-lnd^(A’)  :=  (IQ7  :  S-FibAIg^.)  S-FibMor  X  y 

The  homotopy-initiality  principle  for  circles  states  that  there  is  a  propositionally  unique  mor¬ 
phism  into  any  other  algebra  3^ 

Definition  54.  An  algebra  X  :  S-Algw  is  homotopy-initial  on  a  universe  Uj  if  for  any  other 
algebra  y  :  S-Algw  the  type  of  S-morphisms  from  X  toy  is  contractible: 

is-S-FHnit^.(A')  :=  (II37  :  S-Alg^J  isContr(S-Mor  X  30 

Definition  55.  An  algebra  X  :  S-AIg^  is  homotopy-initial  on  a  universe  Uj  if  for  any  other 
algebra  y  :  S-AIg^  the  type  of  S-morphisms  from  X  toy  is  contractible: 

is-S-FllnitWj(A’)  :=  (II37  :  S-AlgwJ  isContr(S-Mor  X  30 
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3.1.2  Relating  The  Two  Circles 

We  first  note  that  the  notions  of  S-algebras  and  S-algebras  are  in  fact  the  same: 

Lemma  56.  We  have  a  function 

S-To-S-AIg  :  S-Algw.  ->  S-AIg^ 

which  is  an  equivalence. 

Proof.  Follows  immediately  from  the  fact  that  for  any  C  :  Ut,  c  :  C,  we  have 

c  =  c 

-  (Xr  :  £d:C(d  =  c))(c  =  7Ti(r)) 

—  Sd:C(c  =  d)  x  (c  =  d) 

where  the  first  equivalence  follows  from  the  fact  that  the  type  Xd;c(c  =  d)  is  contractible  with 
the  center  of  contraction  (i.e.,  its  propositi onally  unique  term)  (c,  lc).  □ 

Next,  we  note  that  the  notions  of  fibered  S-algebras  and  fibered  S-algebras  are  the  same,  in  the 
following  sense: 

Lemma  57.  For  any  algebra  X  :  S-Algw.  we  have  a  function 

S-To-S-FibAlg(T’)  :  S-FibAIg^  X  -)■  S-FibAlgw,  (S-To-S-AIg  x'j 
which  is  an  equivalence. 

Proof.  Fix  an  algebra  (C,  c,  p)  :  S-Algw. .  Then  S-To-S-AIg  (C,  c,  p )  is  the  algebra  (C\  c,  c,  1  c,p). 
The  desired  equivalence  now  follows  exactly  as  in  the  non-fibered  case.  □ 

The  notions  of  (fibered)  S-morphisms  and  S-morphisms  also  coincide: 

Lemma  58.  For  any  algebras  X  :  S-Algw.  and  y  :  S-FibAIg^  X  we  have 

S-FibMor  X  y  ~  S-FibMor  (S-To-S-AIg  X^j  (^S-To-S-FibAlg(T’)  y'j 

Proof.  Let  algebras  ( C,c,p )  :  S-Algw.  and  (D,d,q)  :  S-FibAIg^  ( D,d,p )  be  given.  Then  as 
before,  S-To-S-AIg  (C,  c,p)  is  the  algebra  (C,  c,  c,  1  c,p)  and  S-To-S-FibAlg(C,  c,p)  (D,  d ,  q)  is 
the  algebra  (D,  d.  d.  ld,  q ).  The  desired  equivalence  now  follows  immediately  from  the  fact  that 
for  any  /  :  Ux:CD(x),  /3  :  /(c)  =  d,  we  have 

dap  f(p)  =  3ppe{/3)  -q-  p~l 

-  (Sr  :  sr/(c)=d( 7  =  P))  (dap f(p)  =  appf  (P)  ■  q  ■  ^(r)'1) 

^  (S7  :  /(c)  =d)(7  =  P)  x  (da  pf(p)  =  appf(£)  ■  q  ■  7'1 ) 

-  (£7  :  /(c)  =  d )  (daP/(lc)  =  ap(lc)B(/3)  ■  ld  ■  7"1)  x  (daP/(p)  =  app?(/3)  ■  q  ■  y'1) 

where  the  first  equivalence  follows  from  the  fact  that  the  type  £7:/(c)=d( 7  =  /))  is  contractible 
with  the  center  of  contraction  (/3, 1/3).  □ 
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Lemma  59.  For  algebras  X  :  S-Algw.  and  y  :  S-AlgWj  we  have 

S-Mor  X  y  ~  §-Mor  (S-To-S-Alg  X^j  (S-To-S-AIg  y^j 
Proof.  Analogously  to  the  fibered  case.  □ 

We  can  now  show  that  S-recursion  is  the  same  as  S-rccursion,  and  likewise  for  induction  and 
homotopy-initiality : 

Lemma  60.  For  an  algebra  X  :  S-Algw  we  have 

has-S-Rec^.(A')  ~  has-S-RecWj  ^S-To-S-Alg(A) j 

has-S-Ind^A)  ~  has-S-Ind^ .^S-To-S-Alg(A’)  j 

is-S-Hlnit^(A)  ~  is-§-HlnitWj  (S-To-S-AlgA)) 

Corollary  61.  (FLmt  +  S)  The  S>- algebra  (S,  base,  base,  loop,  lbase)  satisfies  the  S-induction  prin¬ 
ciple  on  any  universe  Uj. 

Corollary  62.  ("Hmt+S)  The  S-algebra  (§,  north,  east-west-1)  satisfies  the  S-induction principle 
on  any  universe  Uj. 

We  note  that  the  equivalence  between  S  and  §  established  in  [40]  together  with  the  univalence 
axiom  give  us  an  equality  of  types  S  =  §.  Hence  we  have  another  way  to  turn  the  type  §  it  into 
an  S-algebra:  we  simply  “carry  over”  each  of  the  constructors  base  and  loop  along  the  equality 
S  =  §,  to  get  constructors  base'  and  loop'  operating  on  S  instead  of  S.  However,  to  understand 
what  base'  and  loop'  in  fact  are,  we  need  to  “unwrap”  the  application  of  the  univalence  axiom 
and  understand  how  it  acts  on  this  specific  equivalence.  In  our  case,  it  is  not  hard  to  show  that 
base'  is  equal  to  north  and  loop'  is  appropriately  related  to  east  ■  west-1;  this  gives  us  an  insight 
into  the  computational  content  of  univalence  in  this  particular  scenario. 


3.1.3  Type  Quotient  Algebras 


Just  like  we  did  in  the  preceding  section  for  circles,  we  can  define  the  notions  of  algebra,  mor¬ 


phism,  and  homotopy-initiality  for  any  of  the  higher  inductive  types  described  in  section  2.4 


However,  it  is  not  hard  to  see  that  the  type  quotients  A/ R  subsume  all  the  other  ones  as  special 
cases:  for  example,  we  can  encode  the  circle  S1  by  putting  A  :=  1  and  R(—,  — )  :=  1,  and  the 
suspension  ££?  by  putting  A  :=  2  and  R(_ L,  T),  R( _L,  _L),  R( T,  T)  :=  0,  R( T,  _L)  :=  B.  For 
this  reason  we  will  only  focus  on  type  quotients  in  this  section. 


Definition  63.  For  A  :  U,  and  R  :  A  —>■  A  —t  Uit  define  the  type  of  type  quotient  algebras  on  a 
universe  Uj  as 


TQAIgWj(A  R)  :=  Ec-u^c:A-^c^-a,b:AR{a,b)  ( c(a )  =  c(b)) 

Definition  64.  Given  an  algebra  X  :  T QAIg^  ( A ,  R),  we  define  the  type  of  fibered  type  quotient 
algebras  on  a  universe  Uk  by 

TQFibAlgz4  (C,c,p)  :=  ^E:C^Uk  Se:(n a:A)E{c(a))  Ila,b:An-z:R(a,b)(P(Z)*  e(°)  =  e(fc)) 
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Definition  65.  Given  algebras  X  :  T QAIg^  (A,  R)  and  y  :  T QAIgiY/  {A.  R),  define  the  type  of 
type  quotient  morph  isms/ro/u  X  toy  by 


TQMor  (C,c,p)  (D,d,q)  ^f:C^D^p.(na:A)(f(c(a))=d(a))^-a,b:A^-z:R{a,b) 

(ap f(p(z))  =  /3(a)  ■  q(z)  ■  /3(&)_1) 

Pictorially,  the  last  component  of  a  type  quotient  morphism  witnesses  the  following  commut¬ 
ing  diagram  for  any  a,b,z: 


f(c(a)) 

/3(a) 


3Pf(p(z)) 


f(c(b)) 

m 


d(a) 


q(z) 


d(b) 


Definition  66.  Given  algebras  X  :  TQAIg u  (A,  R)  and  y  :  TQFibAlgW/  X,  we  define  the  type 
of  fibered  type  quotient  morphisms/rora  X  toy  by 


TQFlbMor  (C,  C,  p)  (E,e,q)  ■  S f:(Tlx:C)E(tx)^3^:(Ha:A)(f^c(a))=e(a))^-a,b:A3^-z:R(a,b ) 

(dap f(p(z))  =  ap p{z)E((3(a))  ■  q(z)  ■  /3(&)_1) 

Pictorially,  the  last  component  of  a  fibered  type  quotient  morphism  witnesses  the  following 
commuting  diagram  for  any  a,  5,  z: 


P(z)7(f(c(a))) 
via  /3(a) 

P(z)  f(e(a)) 


dap  f(p(z)) 


q(z) 


f(c(b )) 

m 

e(b) 


Definition  67.  A/7  algebra  X  :  TQAIgWj  (A,  R)  satisfies  the  recursion  principle  on  a  universe  Uk 
if  for  any  algebra  y  :  TQAIg^fc(A,  R)  there  exists  a  morphism  from  X  to  f': 

hasTQRecWfc(A’)  :=  (uy  :  TQAIgWfe(A,  i?))  TQMor  A  y 

Definition  68.  A/7  algebra  X  :  T QAIg^  (A,  R)  satisfies  the  induction  principle  on  a  universe  Uk 
if  for  any  fibered  algebra  y  :  TQFibAIg^  X  there  exists  a  fibered  morphism  from  X  to  y.m 

hasTQIndWfc(A’)  :=  (ny  :  TQFibAlgWfc  x')  TQFibMor  X  y 

Definition  69.  An  algebra  X  :  T  Q  AlgWj  (A,  R)  is  homotopy-initial  on  a  universe  Uk  if  for  any 
algebra  y  :  T  QAIgiY/  (A.  R)  the  type  of  morphisms  from  X  toy  is  contractible: 

isTQHInit^AO  :=  (uy  :  TQAIg^A,  R)^j  TQMor  X  y 
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Now  that  we  have  introduced  all  the  relevant  notions,  we  can  ask  whether  the  analogue  of 
corollary  [36| holds  for  higher  inductive  types.  For  this,  we  would  like  to  study  a  class  of  higher 
inductive  types  which  is  as  general  as  we  can  make  it,  so  that  the  special  cases  for  the  circle, 
etc.  would  arise  as  simple  corollaries.  As  we  pointed  out  at  the  beginning  of  this  section,  type 
quotients  subsume  all  of  the  higher  inductive  types  presented  so  far.  However,  they  do  not  provide 


us  with  a  way  to  do  nontrivial  recursion,  so  constructions  such  as  the  W-types  from  section  2.3 


do  not  obviously  arise  as  special  cases  of  type  quotients.  This  raises  a  natural  question  of  whether 
we  can  come  up  with  a  useful  class  of  higher  inductive  types  that  combines  higher  dimensional 
structure  with  proper  recursion.  The  answer  is  yes,  as  we  will  see  shortly. 
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3.2  W-quotients 


Here  we  consider  a  class  of  higher  inductive  types  which  we  call  W -quotients',  informally,  they 
combine  Martin-Lof’s  W-types  lITHl  with  a  certain  form  of  type  quotients  (fl36l)-  Ordinary  W- 
types  allow  proper  induction  on  the  level  of  points  but  have  no  higher-dimensional  constructors. 
Type  quotients,  on  the  other  hand,  only  provide  vacuous  induction  on  the  point  level,  in  the  form 
of  the  [— ]  constructor;  however,  they  allow  us  to  specify  an  arbitrary  number  of  path  constructors 
between  the  points  thus  obtained.  A  suitable  combination  of  these  two  classes  of  types  keeps  the 
of  induction  and  higher-dimensionality  orthogonal,  which  gives  us  a  well-behaved  elimination 
principle. 

Formally,  given  types  A,C  :  U,,  a  type  family  B  :  A  —>  Ui,  and  functions  1,  r  :  C  — >  A,  the 
W-quotient  WQ(A,  B,  CL  1,  r)  :  U,  is  the  higher  inductive  type  generated  by  the  constructors 

pointw  :  II a,A{B(o)  -f  WQ(A,  B,  C,  1,  r))  WQ(A,  B,  C,  1,  r) 

cellw  :  nc:Cnf:B(l  c)->WQ(AIfl)Cll,r)ns:fl(r  c)-WVQ(A„B,C,l,r)  (p°intw(l  c^)  =  P°intw(r  c!s)) 


As  in  the  case  of  ordinary  W-types,  the  type  A  can  be  thought  of  as  the  type  of  operations 
and  for  any  a  :  A,  the  type  B(a )  represents  the  arity  of  the  operation  a,  i. e. ,  it  is  the  index  type 
for  the  arguments  of  a.  Similarly,  the  type  C  represents  the  type  of  labels  for  paths  between 
points.  For  any  c  :  C,  the  terms  1(c)  and  r(c)  determine  the  respective  labels  of  the  left  and  right 
endpoints  of  the  paths  labeled  by  c.  As  can  be  read  off  from  the  type  of  the  constructor  cel  lw, 
each  label  c  :  C  determines  a  family  of  paths  in  WQ(  /1. B,  C,  1,  r),  one  for  each  pair  of  terms 
t  :  B(  1  c)  ->■  WQ(A,  B ,  C,  1,  r)  and  s  :  B( r  c)  ->•  WQ(A,  B,  C,  1,  r). 


An  ordinary  W-type  W(A,  B )  arises  as  a  W-quotient  in  the  obvious  way  by  taking  A  :=  A, 
B  :=  B,  C  :=  0,  and  letting  both  1  and  r  be  the  canonical  function  from  0  into  A.  The 
type  quotient  A/R  arises  if  we  take  A  :=  A,  B(-)  :=  0,  C  :=  Tjatb:A_R{a,b),  1  (a,b,z)  :=  a, 
r (a,b,z)  :=  b.  We  can  encode  the  circle  S  by  taking  A,  C  :=  1,  B(-)  :=  0,  1(— )  :=  *, 
r(— )  :=  *.  The  circle  §  arises  when  we  take  A,C  :=  2,  B{—)  :=  0,  1(— )  :=  T,  r(— )  :=  _L. 
Of  course,  we  can  also  represent  the  special  cases  of  type  quotients  and  W-types:  the  interval, 
suspensions  -  in  particular  all  the  higher  spheres  Sn  -  natural  numbers,  lists,  and  so  on.  We 
remark,  however,  that  in  most  of  these  cases,  the  higher  inductive  types  encoded  as  W-quotients 
will  satisfy  the  computation  rules  up  to  propositional  equality  rather  than  definitionally;  this  goes 


back  to  the  issue  of  different  representations  mentioned  in  section  3.1 


As  another  example  we  consider  positive  integers  modulo  two.  Let  4  be  the  inductive  type 
with  constructors  tt,  tf,  ft,  ff  :  4.  We  put  A  :=  4;  B( tt)  :=  0,  B( ff)  :=  0,  B( tf)  :=  1,  B(h)  :=  1; 
C  :=  2;  1(T)  :=  tt,  l(_L)  :=  ff;  r(T)  :=  tf,  r(_L)  :=  ft.  The  nullary  point  labels  tt  and  ff  encode 
the  positive  integers  one  and  two,  respectively.  The  unary  point  label  tf  represents  the  function 
n  i — y  2 n  +  1  and  the  unary  point  label  ft  represents  the  function  n  i— >  2(n  +  1).  The  path  label  T 
represents  equations  of  the  form  (tt,  — )  =  (tf,  — ),  to  equate  all  odd  positive  integers  and  the  path 
label  _L  represents  equations  of  the  form  (ff,  — )  =  (ft,  — ),  to  equate  all  even  positive  integers. 
We  can  see  this  more  clearly  in  figure  |3.1[  where  the  positive  integer  represented  is  highlighted 
in  red,  and  *  stands  for  the  canonical  function  out  of  the  empty  type. 
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(1)  pointw(tt,*) 


pointw(ff,  *)  (2) 


cellw(T,*,  pointw(tt)) 
(3)  poi ntw (tf ,  i — >•  pointw(tt)) 
cellw(T,*,  _  pointw(ff)) 

(5)  poi ntw (tf ,  _  pointw(ff)) 


cellw(-L,*,  -!->■  pointw(tt)) 

pointw(ft,_i-^  pointw(tt))  (4) 

cellw(_L,*,  _  H-  pointw(ff)) 
poi ntw  (ft,  _  i  y  pointw(ff))  (6) 


Figure  3.1:  Positive  integers  modulo  2  as  a  W-quotient 


W-quotients  come  with  the  expected  recursion  principle:  given  terms 

•  E  :  Uj, 

•  e  :  Ua:A(B(a)  — >  E)  — >  E, 

•  q  :  Uc:CUu:B{1  c)^En„;B{r  c)^(e(l  C,u)  =  e(r  c,v)), 

there  is  a  recursor  recWQ(i?,  e,  q )  :  \NQ(A,  B,  C,  1,  r)  — >  E.  The  recursor  satisfies  the  computa¬ 
tion  laws 

•  recWQ(pointw(a,f))  =  e(a,  recWQ  of)  for  any  a  :  A,t  :  B(a )  — >■  \NQ(A,  B,  C,  1,  r), 

•  aPrecWQ(cel|w(c,t,s))  =  q  (c,  recWQ  o  t ,  recWQ  o  s ) 

for  any  c  :  C,t  :  B{1  c )  — >  \NQ(A,  B ,  C,  1,  r),  s  :  B{r  c)  — >  \NQ(A,  B ,  C,  1,  r). 

Similarly,  we  have  an  induction  principle:  given  terms 

•  E  :  WQ(A,  B,  C,  1,  r)  ->Ujt 

•  e :  na.Ant:S  (o)->WQ(A,B,C,l,r)  (n b:B(a)E{t  b ))  £(pointw(a,t)), 

•  q  ■  nc:Cnt;S(i  c)^WQ(A,S,C,l,r)ns:S(r  c)^WQ(A1B,C,l1r)ntt;(n6:B(l  c))E(t  6)n„:(n6:S(r  c))E(s  b) 
(cellw(c,f,s)f  e(l  c,t,u )  =  e(r  c,s,v )), 

there  is  an  inductor  indWQ(£',  e,  q)  :  The  inductor  satisfies  the  computa¬ 

tion  laws 

•  indWQ(pointw(a,  t))  =  e(a,  f,  indWQ  °  t)  for  any  a  :  A,t  :  B(a)  — »  \NQ(A,  B ,  C,  1,  r), 


•  dapindwQ(cellw(c,  t,  s))  =  q(c,  t,  s,  indWQ  °  t,  indWQ  o  s) 
for  any  c  :  C,t  :  B(  1  c)  — >  WQ(A,  B ,  C,  1,  r),  s  :  B(r  c )  — >•  \NQ(A,  B,  C,  1,  r). 


Following  the  now-familiar  pattern,  we  define  W-quotient  algebras  and  morphisms,  together 
with  their  fibered  counterparts.  For  convenience,  we  will  utilize  the  corresponding  notions  for 
ordinary  W-types  \N(A,B )  introduced  in  section  2.3  For  notational  convenience,  we  capture 


the  additional  structure  of  a  W-quotient  algebra  or  morphism  in  a  type  family  defined  over  the 
corresponding  W-type  algebra  or  morphism. 
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Definition  70.  For  A,C  :  Ui,  B  :  A  — >■  Ui,  1,  r  :  C  — >•  A,  we  define  a  type  family  over  the  type 
WAIg  u.(A,B)by 


WAIgFam(A,  B,  C,  1,  r)  (D,  d)  :=  Uc:CUu:B(i  c)^d^v.b(i  c)^D(d(l  c,u )  =  d{ r  c,t>)) 

Definition  71.  For  A,  C  :  Ui,  B  :  A  — >■  Uu  1,  r  :  C  —y  A,  we  define  the  type  of  W-quotient 
algebras  on  a  universe  Uj  by 

WQAIgw.(A,5,C',l,r)  :=  (zX0  ■  WAIg U.{A,B))  WAIgFam(A  B,  C,  1,  r)  W0 

Definition  72.  For  an  algebra  X  :  WQAIg^  (3L,  B,  C,  1,  r),  we  define  a  type  family  over  the  type 
WFibAIg^  ^fiX)  by 

WFibAlgFam  ( D,d,p )  (E,e)  :=  nc:Cnt:B(1  c)^Dns:jB(r c)^D 

n«:(nf):B(l  c))E(t  b)n«:(nfe:_B(r  c))E(s  b)  ^p(c,  t,  s)^  e(l  C,  t,  7i)  e(r  C,  S, 

Definition  73.  Given  an  algebra  X  :  WQAIg^  (A.  B,  CL  1,  r),  we  define  the  type  of  fibered 
W-quotient  algebras  on  a  universe  Uk  over  X  by 

WQFibAlgWfc  X  :=  :  WFibAIg^  t n(*))  WFibAlgFam  X  y0 

Definition  74.  Given  algebras  X  :  WQAIg^ (A,  B,  G,  1,  r)  and  y  :  WQAIgWfe(3l,  B,  C,  1,  r), 
define  a  type  family  over  the  type  WMor  7Ti(W)  7Ti(^)  Ay 

WMorFam  (D,d,p)  (E,e,q)  (/,/?)  :=  nc;Cnt:S(1  c)^ns:jB(r c)^ 

(aP/(p(c,  t,  s))  =  P(1  c,  t)  •  q(c,  f  o  t,  f  o  s)  ■  /3(r  c,  s)^1) 

Definition  75.  Given  algebras  X  :  WQAIgWj  (A,  5,  C,  1,  r)  and  y  :  WQAIgWfc(.A,  B,  C,  1,  r), 
define  the  type  of  W-quotient  morphisms/rom  X  toy  by 

WQMor  W  y  :=  :  WMor  vr^W)  WMorFam  W  ^  Ao 

Pictorially,  the  last  component  of  a  W-quotient  morphism  witnesses  the  following  commuting 
diagram  for  any  c,t,s: 


ap  f(p(c,t,s)) 

f{d{  1  c,  t)) - f(d{ r  c,  s)) 


/3(1  c,t ) 

e(l  c,/ot) 


q(c,fot,foS) 


/3(r  c,  s) 
e(r  c,/os) 
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Definition  76.  For  algebras  X  :  WQAIgw^(A,  B ,  C ,  1,  r)  nnJ  J7  :  WQFibAlgWfe  X,  we  define  a 
type  family  over  the  type  WFibMor  Tt\{X)  7 r1(3;)  by 

WFibMorFam  ( D,d,p )  ( E,e,q )  (/,/3)  :=  nc:Cnt;S(1  c)_>£>IIs:S(r  c)_>D 

(dap/(p(c,t,s))  =  app(c>tjS)fl(^(l  c,t))  •  q(c,t,  s,  f  o  t,  f  o  s)  •  fi(r  c,s)_1) 

Definition  77.  For  algebras  X  :  WQAIgWj  (A,  B,  C,  1,  r)  and  y  :  WQFibAlgWfc  A",  we  define  the 
type  of  fibered  W-quotient  morphisms  from  X  toy  by 

WQFibMor  X  y  :=  (e//0  :  WFibMor  -nfiX)  t^O7))  WFibMorFam  Xy  p  0 

Pictorially,  the  last  component  of  a  fibered  W-quotient  morphism  witnesses  the  following 
commuting  diagram  for  any  c,  t ,  s: 


P(c,t,s)f(f(d{l  c,t )))  - 
via  /?( 1  c,  i) 

Kc,M)f  (e(l  c,t,fot)) 


dap  f(p(c,t,s)) 


q(c,t,s,fot,fos) 


~  f{d{r  c,s)) 

/3(r  c,s) 
e(r  c,  s,  /  o  s) 


The  recursion  and  induction  principles  for  W-quotients  can  now  be  defined  as  usual: 

Definition  78.  An  algebra  X  :  WQAIg^  (A.  B,  C,  1.  r)  satisfies  the  recursion  principle  on  a 
universe  U).  if  for  any  algebra  y  :  WQAIg^  (A,  B ,  C,  1,  r)  there  exists  a  morphism  from  X  to  f': 

hasWQRecWfe(A’)  :=  (liy  :  WQAIgWfe(A,  B,  C,  1,  r))  WQMor  A  y 

Definition  79.  An  algebra  X  :  WQAIgWj (A,  B,  C,  1,  r)  satisfies  the  induction  principle  on  a 
universe  Uk  if  for  any  fibered  algebra  y  :  WQAIg^,  X  there  is  a  fibered  morphism  from  X  to  y: 

hasWQInd^ (X)  :=  (ny  :  WQFibAIg^  X^j  WQFibMor  X  y 

We  will  also  need  the  following  uniqueness  properties  which  state  that  any  two  (fibered) 
morphisms  into  any  (fibered)  algebra  y  are  equal: 

Definition  80.  An  algebra  X  :  WQAIg^  (A,  B,  C,  1,  r)  satisfies  the  recursion  uniqueness  princi¬ 
ple  on  a  universe  Uk  if  for  any  other  algebra  y  :  WQAIgW/  (A,  B,  C,  1,  r)  the  type  of  morphisms 
from  X  toy  is  a  mere  proposition: 

hasWQRecUmqWfe(A’)  :=  ^IIJ7  :  WQAIgWfe(A,  B,  C,  1,  r)  j  isProp(WQMor  X  J7) 

Definition  81.  A/7  algebra  X  :  WQAIg w  (A,  B ,  C,  1,  r)  satisfies  the  induction  uniqueness  prin¬ 
ciple  on  a  universe  Uk  if  for  any  fibered  algebra  y  :  WQFibAIg^  X  the  type  of  morphisms  from 
X  toy  is  a  mere  proposition: 

hasWQIndUniqWfc(A’)  :=  ^II}7  :  WQFibAlg^fc  x'j  isProp(WQFibMor  X  J7) 


37 


The  homotopy-initiality  condition  again  says  that  there  is  a  propositionally  unique  morphism 
into  any  other  algebra  y: 

Definition  82.  An  algebra  X  :  WQAIg^  f/l,  B,  C.  1.  r)  is  homotopy-initial  on  a  universe  Uk 
if  for  any  other  algebra  y  :  WQAIgw  (A,  B,  C,  1,  r)  the  type  of  morphisms  from  X  to  y  is 
contractible: 

isWQHInitWfc(T’)  :=  :  WQAIgWj,  [A,  B,  C,  1,  r)^  isContr(WQMor  X  y) 
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3.3  Homotopy-initiality  for  W-quotients 


Our  main  result  establishes  the  equivalence  between  the  universal  property  of  being  homotopy  - 
initial  and  the  satisfaction  of  the  induction  principle: 

Theorem  83.  {Ft)  For  A,  C  :  Hi,  B  :  A  —y  Ui,  1,  r  :  C  —y  A,  the  following  conditions  on  an 
algebra  X  :  WQAIgw  ( A ,  B,  C,  1,  r)  are  equivalent: 

•  X  satisfies  the  induction  principle  on  the  universe  Uk 

•  X  is  homotopy -initial  on  the  universe  Uk 

for  k  >  j.  In  other  words,  we  have 


hasWQIndWfc(W)  ~  isWQHInitWfc(<T) 


provided  k  >  j.  Moreover,  the  two  types  above  are  mere  propositions. 

We  note  that  since  universe  levels  are  cumulative,  the  technical  restriction  that  k  >  j  does 
not  pose  a  problem.  It  is  easy  to  see  that  homotopy-initiality  is  equivalent  to  the  principles  of 
recursion  plus  recursion  uniqueness  (a  fact  recorded  as  lemma  [84]  later  in  this  section).  The 
uniqueness  condition  is  necessary  since  as  is  well  known,  in  general  the  recursion  principle  does 
not  fully  determine  an  inductive  type:  the  recursion  principle  for  the  circle,  for  example,  is  also 
satisfied  by  the  disjoint  union  of  two  circles. 


Proof  outline  A  crucial  step  of  the  proof  is  the  characterization  of  the  path  space  p  =  v  be¬ 
tween  two  (fibered)  W-quotient  morphisms  p,  a  :  X  — )■  y  in  a  more  explicit  form.  For  simplicity 
we  only  consider  the  non-fibered  case  here.  We  recall  that  a  morphism  between  two  algebras 
(. D,d,p ),  ( E,e,q )  is  a  triple  ( f,(3,9 ),  where  /  :  C  —y  D  is  a  function  between  the  carrier 
types,  (3  specifies  the  behavior  of  /  on  the  0-cells,  i.e.,  the  value  of  f(d(a ,  t )),  and  9  specifies  the 
behavior  of  /  on  the  1-cells,  i.e.,  the  value  of  apf(p(c,  t,  s )). 

Using  the  characterization  of  paths  between  tuples  together  with  function  extensionality,  the 
path  space  (/,  /3,  9)  =  (g,  7,  0)  between  two  morphisms  should  be  equivalent  to  a  type  of  triples 
(a,  p,  ip),  where  a  :  f  ~  g  is  a  homotopy  relating  the  two  underlying  mappings,  and  //,  0  relate  6 
to  7  resp.  9  to  0  in  an  appropriate  way.  We  will  call  such  a  triple  (a,  77,  -0)  a  W -quotient  cell.  The 
recursion  uniqueness  condition  on  an  algebra  X  can  then  be  equivalently  expressed  as  saying 
that  for  any  algebra  y  and  morphisms  p,  v  from  X  to  y,  there  exists  a  W-quotient  cell  between 
p  and  v. 

We  point  out  that  this  uniqueness  condition  can  itself  be  understood  as  a  certain  form  of 
induction,  albeit  a  very  specific  one.  The  existence  of  a  W-quotient  cell  between  any  two 
morphisms  (f,/3,9),  (g,  7,  0)  in  particular  guarantees  the  existence  of  a  dependent  function 
a  :  II X:x(f(x)  =  g{x))  -  the  “inductor”.  The  behavior  of  a  on  the  0-cells,  i.e.,  the  value  of 
a{d{a1 1)),  is  specified  by  the  term  //,  which  thus  serves  as  a  witness  for  the  first  “computation 
rule”.  Finally,  the  behavior  of  a  on  the  1-cells,  i.e.,  the  value  of  dap Q(p(c,  t,  s)),  is  specified  by 
the  term  which  hence  serves  as  a  witness  for  the  second  “computation  rule.” 

We  can  thus  see  why  the  full  induction  principle  for  W-quotients  gives  us  homotopy-initiality: 
the  latter  essentially  amounts  to  the  recursion  principle  plus  a  specific  form  of  induction,  both  of 
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which  are  implied  by  the  general  induction  principle.  The  hardest  part  of  the  proof  is  showing 
the  converse,  i.e.,  that  the  general  induction  principle  can  be  recovered  from  homotopy-initiality. 


We  now  proceed  to  the  formal  proof  of  the  main  theorem.  We  have  the  following  analogues 
to  the  lemmas  presented  in  section  2.3  for  ordinary  W-types  in  extensional  type  theory: 

Lemma  84.  For  an  algebra  X  :  WQAIg^  ( A ,  B ,  C ,  1,  r)  we  have 

isWQFHnitWfe(A’)  ~  hasWQRecWfc(ff)  x  hasWQRecUniqWfc(ff) 

Lemma  85.  For  an  algebra  X  :  WQAIg^  ( A ,  B,  C,  1,  r)  we  have  a  function 

WQAIgToFibAlgz4  (X)  :  WQAIg^A,  B,  C,  1,  r)  WQFibAIg^  * 


Proof.  Fix  algebras  (D,d,p)  :  \NQMgu.(A,B,C,l,r)  and  ( E,e,q )  :  \NQA\gUk (A,  B,  C,  1,  r). 
We  turn  (E,  e,  q)  into  the  desired  fibered  algebra  (. E e',  q')  :  WQFibAlgWfe  (D,  d,p)  by  putting 
E'{x)  :=  E  and  e'(a,  t,  u )  :=  e(a,  u)  and  letting  g'(c,  t,  s ,  u,  v )  be  the  path 


p(c,t,sf^E(e(l  c,u )) 


e(l  c,  u) 


q(c,u,v) 

- e(r  c,v) 


where  the  first  equality  follows  from  the  straightforward  fact  that  the  transport  between  any  two 
fibers  of  a  constant  type  family  is  the  identity  function.  □ 


Lemma  86.  (Ft)  For  algebras  X  :  WQAIg^  ( A ,  B ,  C ,  1,  r)  and  y  :  WQAIg^  ( A ,  B ,  C,  1,  r)  we 
have 

WQMorfFy  ~  WQFibMor  ^  (wQAIgToFibAlg^(T’)  y) 

Proof  Let  algebras  ( D,d,p )  :  WQAIgWj(2l,  S,  (7, 1,  r)  and  ( E,e,q )  :  WQAIgWfc(2l,  T?,  C,  1,  r) 
be  given  and  let  (E1,  e',  g')  :=  WQAIgToFibAlgWfc(Z3,  d,p )  (f3,  e,  g).  We  aim  to  show 

WQMor  (D,  d,p)  (E,  e,  q)  —  WQFibMor  (D,  d,p)  (E',  e',  q) 


As  observed  in  remark  30  we  have  WM or  ( D,d )  (E,e)  =  WFibMor  ( D,d )  (E',e').  It  thus 
suffices  to  show  that  for  any  (/,  fd)  :  WMor  (Z3,  d)  ( E ,  e )  and  (by  function  extensionality)  any 
c,  t ,  s,  the  commutativity  of  the  diagram 


ap  f(p(c,t,s)) 

f(d( 1  c,t))  - f(d( r  c,s)) 


f3(l  c,t ) 

e(l  c,/ot) 


q(c,f°t,fos ) 


/3(r  c,s) 
e(r  c,/os) 


is  equivalent  to  the  commutativity  of  the  diagram 
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p(c,t,s)i  (f(d(  1  c,  t))) 


via  {3(1  c,t) 


p{c,t,s)l^E(e(  1  cjot)) 


dap  f(p(c,t,s)) 


B 


e(l  cjot) 


Q(c,  fotjos) 


f(d(r  c,s )) 


/3(r  c,s) 


e(r  c,/os) 


We  note  that  by  a  straightforward  path  induction  we  can  express  dap/  (p(c,  t,  s))  equivalently  as 
the  path 


ap  f(p(c,  t,  s)) 

p(c,t,s);^E(f(d(  1  c,t )))  - f(d(  1  c,t ))  - f(d(r  c,s )) 

Thus  the  commutativity  of  B  is  equivalent  to  the  commutativity  of  the  outer  rectangle  in  the 
diagram  below: 


p(c,t,s)-^E(f(d(l  c,t ))) 
via  j3(l  c,t ) 

P{c,t,  s)~^E  (e(  1  cjot)) 


C 


f(d(  1  c,t)) 


3P f(p(c,  t,s )) 


{3(1  c,t) 


e(l  cjot ) 


q(cjotjos) 


f(d{ r  c,s)) 

/3(r  c,  s) 
e(r  c,/os) 


But  rectangle  C  clearly  commutes  by  an  easy  generalization  and  subsequent  path  induction  on 
{3(1  c,t).  Hence  the  commutativity  of  the  outer  rectangle  is  equivalent  to  the  commutativity  of  A 
and  we  are  done.  □ 


As  in  section  2.3[  the  previous  two  lemmas  immediately  imply  the  following: 
Lemma  87.  (JL)  For  any  algebra  X  :  WQAIgWj  (A,  B,  C ,  1,  r)  we  have 

hasWQIndWfc(A’)  ->  hasWQReq4(A’) 

Lemma  88.  (FL)  For  any  algebra  X  :  WQAIgWj  (A,  B ,  C,  1,  r)  we  have 

hasWQIndllniq^  (X)  — y  hasWQRecUniq^  (X) 


As  discussed  earlier,  in  order  to  establish  the  analogues  of  lemmas [33] and  35  we  use  the  aux¬ 
iliary  notion  of  a  (fibered)  W-quotient  cell.  For  simplicity  we  first  introduce  the  corresponding 
notions  for  ordinary  W-types  and  then  proceed  to  the  general  case  of  W-quotients. 

Intuitively,  a  (fibered)  W-cell  between  two  (fibered)  W-morphisms  (/,  {3)  and  (g,  7)  is  a  ho- 
motopy  a  :  f  ~  g,  together  with  a  proof  that  a  behaves  as  expected  on  canonical  elements,  /.<?., 
that  the  value  of  a(d(a,  t))  is  the  “obvious”  one  obtained  recursively  by  combining  {3 ,  7,  and  the 
values  of  a(t  b )  for  b  :  B(a). 
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Definition  89.  (ft)  For  algebras  X0  :  WAIgWj .(A,  B),  33)  :  WFibAlgWfc(A,  B)  X0,  and  fibered 
morphisms  //(l,  is0  :  WFibMor  X0  y0,  define  die  type  of  fibered  W-cells  between  and  u0  by 


WFibCell  (D,  d)  (E,e)  (/,/?)  (g,  7)  = 

Ea:f^Ua:AHt:B(a)^DU(d(a,  t))  =  f3(a,  t )  ■  ape(at)  (nE=(a  o  t))  ■  7(0,  t) 


-1 


Pictorially,  the  second  component  of  a  fibered  W-cell  witnesses  the  commutativity  of  the 
following  diagram  for  any  a,  t: 

a(d(a,  t)) 


f(d(a,t))  - 
P(a,t) 
e(a,t,fot) 


3Pe(a,t)(rlE  (aot)) 


g(d(a,t)) 

7  (a,t) 
e{a,t,got) 


As  observed  in  remark [30],  a  non-fibered  W-morphism  is  just  a  special  case  of  a  fibered  one. 
We  define  a  non-fibered  W-cell  analogously: 

Definition  90.  (H)  For  algebras  X(j  :  \NA\gu.(A,  B),  >'n  :  WAIg^  (yl.  B),  and  morphisms 
/x0,  vq  :  WMor  X0  y0,  define  the  type  of  W-cells  between  /i0  and  u0  by 


WCell  W0  3^0  do  vo  ■=  WFibCell  X  ( WAIgToFibAlgWfc  y)  p0  o0 


The  right-hand  side  is  well-typed  precisely  due  to  the  fact  recalled  in  remark [30}  The  second 
component  of  a  W-cell  witnesses  the  commutativity  of  the  following  diagram  for  any  a,  t: 


f{d(a,t )) 
P(a,t) 
e(a,f°t) 


a(d(a,  t)) 


aPe(a)(nE  («oi)) 


d(d(a,t)) 

7  (a,t) 
e(a,  got) 


We  note  that  a  (fibered)  W-cell  is  nothing  more  than  a  fibered  W-morphism  of  a  special  form; 
it  is  thus  easy  to  see  why  the  induction  principle  for  W-types  implies  the  uniqueness  principle, 
and  hence  homotopy-initiality.  From  now  on  we  will  omit  all  but  the  last  two  arguments  to  WCell 
and  WFibCell. 

Our  next  order  of  business  is  to  show  that  this  definition  of  a  (fibered)  W-cell  is  indeed 
the  right  one,  i.e.,  that  the  type  of  (fibered)  W-cells  between  two  (fibered)  morphisms  /i0,  a0  is 
equivalent  to  the  type  of  paths  between  p0  and  u0. 

Lemma  91.  (Ft)  For  algebras  X0  :  WAIg  u  (A,B),  jf'o  :  WFibAlgW/  X0,  and  fibered  morphisms 
/i0,  :  WFibMor  X0  y0,  we  have  an  equivalence 


WFibMorPathToCell^^g  :  (/i0  =  uf)  ~  WFibCell  /i0  u0 
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Proof.  Let  algebras  (D,d)  :  \NA\gu.(A,  B)  and  (E.  e)  :  WFibAlgWfc  (D,d)  and  fibered  mor- 
phisms  (f,/3),  (g,  7)  :  WFibMor  ( D,d )  (E,  e)  be  given.  We  establish  the  following  chain  of 
equivalences: 

(f,P)  =  (ff,  7) 

-  (Sa  :  /  =  0)  no:Ant:B{aHD^(=En(a))((i(a,f))  =  /3a,t  ■  ape(at)  (nE=(=En(a)  o  t))  ■  7“^ 

-  (Sa  :  /  ~  3)  na:Ant:B(a)^B  (a(d(a,  t))  =  /3a,t  ■  ape(at)  (nE=(a  o  t))  ■  7“^ 

=  WFibCell  (/,/?)  (0,7) 

The  first  equivalence  follows  by  the  characterization  of  paths  in  dependent  product  spaces. 
The  third  equivalence  follows  from  the  fact  that  the  map  =EU  :  (/  =  g)  — s-  (/  ~  g)  is  itself  an 
equivalence.  Finally,  to  prove  the  second  equivalence  it  suffices  to  show  that  for  any  a  :  f  =  g, 
the  respective  fibers  over  a  are  equivalent.  To  do  so,  we  generalize  7  and  perform  a  one-sided 
path  induction  on  a,  keeping  the  left  endpoint  /  fixed.  This  leaves  us  to  prove  that  for  any 
7  :  Ua:AUUB(a)^D  (f(d(a,  t))  =  e(a,  t ,  /  o  t))  we  have 

P  =  7  -  ^-a,A^t,B{a)^D(ld{a,t)  =  Pa,t  ‘  ape(0)t)  (=En(1/ot))  )  ■  7"^ 

By  function  extensionality  it  suffices  to  prove  that  for  any  a  :  A,t  :  B(a)  D,  we  have 

Pa,t  =  la,t  ^  (l d(a,t)  =  Pa,t  ‘  ape(a,t)  (FIE=  (=En(l/ot))  )  ■  7“?) 

This  follows  from  the  following  chain  of  equivalences: 


Pa,t  ~ 

7a, i 

Pa,t 

1 d(a,t ) 

'  7a, t  = 

fia,t  "  le(a,t,/o£) 

lc£(a,t) 

=  Pa,t 

‘  le(a,t,/ot)  "  7a, t 

lc£(a,t) 

=  Pa,t 

,aPe(a,t)(1/ot)  -77 

=  Pa,t 

■ape(Qit)(riE=(=En(l/ot)))  -7, 

Sa  :  /  =  g 


.  .  h\— y(Yla:A)(Ht:B(a)—>D)  ( h(d(a,t))=e(a,t,hot) )  .  . 

(«)*  '  \P)  —  7 


□ 

Corollary  92.  (EL)  For  algebras  X0  :  \NA\gu.(A,  B),  y0  :  WAIg^  {A.  B),  and  morphisms 
p0,  z/0  :  WMor  X0  y0,  we  have  an  equivalence 

WMorPathToCellW)l,0  :  (/i0  =  vf)  ~  WCell  pQ  u0 

We  are  now  ready  to  define  W-quotient  cells.  Following  the  same  methodology  as  before,  we 
postulate  that  a  W-quotient  cell  between  (/,  (3,  6)  and  (g,  7,  </>)  should  consist  of  a  W-cell  (a,  rj) 
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together  with  a  proof  that  the  value  of  dapQ(p(c,  t,  s))  is  the  “obvious”  one.  However,  the  type  of 
the  term  dapQ(p(c,  t,  s))  involves  a  transport  along  the  fibers  of  the  type  family  x  f(x)  =  g(x), 
making  it  unwieldy  to  work  with.  Instead,  we  axiomatize  the  value  of  nat(a,p(c,  t,  s)),  which 
nevertheless  specifies  the  value  of  dapQ(p(c,  t,  s))  uniquely  as  the  latter  term  is  expressible  using 
the  former. 

Determining  (and  stating!)  what  the  so-called  obvious  value  of  nat(ct,p(c,  t,  s))  is  requires  a 
little  work;  this  is  expected  since  we  are  now  working  with  paths  on  a  higher  level.  To  state  the 
crucial  definitions  more  compactly,  we  introduce  the  following  notations: 


For  any  u  :  a  —x  b,v:b  —x  d,  w  :  a  —x  c,  z  :  c  —x  d,  as  in  the  diagram 

u 


a 


w 


v 


we  have  maps 


I  a  '■  (u  =  vj  •  z  •  y  x)  — >•  (u  ■  v  =  w  •  z) 

Iq  :  (u  —  w  ■  z  ■  u_1)  — >  (tu^1  ■  u  =  z  •  v~l) 

defined  by  induction  on  w,  z,  v;  for  the  base  case,  given  0  :  u  =  la  we  let  Iq(6*)  and  I □(£?) 
be  the  respective  paths 

6  9 

u  ■  la - u - la  and  la  ■  u - u - la 

These  maps  are  equivalences  and  we  denote  their  quasi-inverses  by  I51  and  I52. 

Definition  93.  Given 

•  functions  e\  :  Xl  -X  Y,  e2  :  X2  — >•  Y, 

•  a  heterogeneous  homotopy  q  :  e±  e2, 

•  paths  r±  :  ax  —Xl  bh  r2  :  a2  =x2  b2  and  :  cx  =Y  c2,  52  :  dx  =Y  d2, 

•  paths  fdi  :  ci  =y  ei(ai),  ■  c2  =Y  e2(a2)  and  71  :  d\  =Y  ei{bf),  y2  :  d2  =Y  e2(b2), 

•  higher  paths  0  :  5\  =  Pi  ■  q(a\,  a2 )  ■  Pf1  and  $  :  S2  =  71  ■  q(bi,b2)  ■  yf1, 

we  letV(e  1,  e2,  q,  0,  r1;  r2)  be  the  higher  path  in  figure  [T2] 

Definition  94.  Given 

•  a  function  F  :  Y\  — >  Y2, 

•  functions  e\  :  X\  — >  Y\,  e2  :  X2  -X  Y2, 

•  a  heterogeneous  homotopy  q  :  (F  o  ef)  e2, 

•  pat/w  r'i  :  ax  =Xl  h,  r2  :  a2  =x2  b2  and  <5i  :  F(cf)  =y2  c2,  52  :  F(di)  =y2  d2, 

•  paths  Pi  :  ci  =Yl  ei(ai),  ^2  :  c2  =y2  e2(a2)  anJ  71  :  =y,  ei(6i),  72  :  d2  =y2  e2(b2), 

•  higher  paths  0  :  5i  =  apF(^i)  ■  g(ai,  a2)  ■  :  S2  =  apF(ji)  ■  q(b  1,  62)  ■  72-1, 

we  /et  Q(ei,  e2,  q,  0,  <f>,  ri,  r2)  be  the  higher  path  in  figure  [Xi] 
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(Pi  '  aPe1(r’1)  '  7l  X)  '^2 


^(/5i,apei(n),I^(®)) 

01  ■  (aPei(rl)  ■  9(61,62))  -72-1 

via  natw(g,ri,r2)_1 
0i  ■  (9(01,02)  -ape2(r2))  -72-1 

‘5(ape2(r2),72“1,I^](0)) 

61  ■  (/^2  -ape2(r2)  -72-1) 

Figure  3.2:  The  path  T^ei,  e2,  q,  0,  <T,  r1;  r2) 


apF(/?i -apei(ri) -7i  ■  <52 

(apF(/?i)  ■  apFoei(r1)  ■  (apF(7l))-1)  ■  S2 

P(F  o  ei,e2,q,  0,$,ri,r2) 
■  (/32  -ape2(r2)  -72-1) 

Figure  3.3:  The  path  Q(e1;  e2,  q,  0,  <T,  77,  r2) 


(ai  ■  a2  ■  03)  ■  a 4 


ai  ■  (a2  ■  0:3  ■  04) 


(cci  ■  a2)  ■  («3  "  a4) 
via  T 

(«i  ■  a2)  ■  (a5  ■  a6) 


(ai  ■  a2)  ■  (a3  *  a4) 
via  4' 

(«4  -  a5)  ■  (a3  ■  a4) 


a4  ■  (a2  ■  a5)  ■  a6 

Figure  3.4:  The  path  7£(a4,  a2,  T') 


0:4  '  (05 ' 0:3)  ■  a4 

Figure  3.5:  The  path  <S(a3,  a4,  T) 
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Definition  95.  (Ft)  Given 

•  algebras  ( D ,  d,  p )  :  WQAIgWj  (A,  B,  C1 1,  r)  and  ( E ,  e,  g)  :  WQAIgWfc  (A,  B,  C,  1,  r), 

•  morphisms  (/,  0,  #),  (g,  7,  0)  :  WQMor  (D,d,p)  ( E,e,q ), 

•  a\N-cell  (a,  77)  :  WCell  (/,0)  (g,7). 


Definition  96.  (Ft)  Given 


we  let  At  ( ( D ,  d,  p),  (A1,  e,  g),  (/,  0,  #),  (g, 7,  0),  (a,  77) )  be  the  higher  path  in  figure 


3.6 


•  algebras  (D,d,p)  :  \NQA\gu.(A,  B,C,l,r)  and  (E,e,q)  :  WQFibAlgWfc  ( D,d,p ), 

•  fibered  morphisms  (/,  f3,  9),  (g,  7,  0)  :  WQFibMor  (D,  d,p )  (f?,  e,  q), 

•  a  fibered  W -cell  (ck,  77)  :  WFibCell  (/,/?)  (g,  7), 


we  let  J\f((D,  d,p),  (E,  e,q),(f,P,9),(g,  7,  0),  (a,  77)  J  f/ie  higher  path  in  figure  |  j.  7| 

The  higher  paths  A7!  and  A/”  in  figures  |A6|  and  3. 7 1 arc  the  aforementioned  “obvious”  values 
of  nat(o,p(c,  t,  s))  and  natB(o,p(c,  t,  s)),  obtained  by  combining  0,  9 , 7,  0  and  77  in  a  suitable 
fashion. 


Definition  97.  ("H)  Tbr  algebras  A  :  WQAIgWj(A,  B,  C,  1,  r),  A  :  WQAIgWfc(A,  i?,  C,  1,  r)  anJ 
morphisms  p,  //  :  WQMor  A  A,  define  a  type  family  over  the  type  WCell  7Ti(/x)  tt  i  (v)  by 


WCellFam  (D,d,p)  ( E,e,q )  (f,P,9)  (g,  7,0)  (01,77)  :=  nc:Cnt:B(1  c)_>Bns:B(r  c)_>D 
nat(a,p(c,t,s))  =  M^(D,d,p),  ( E,e,q ),  (f,P,9),  (g,  7,0),  (0,77)) 

Definition  98.  (Tf)  For  algebras  A  :  WQAIg^ .(A,  B,  C,  1,  r),  A  :  WQFibAlgWfc  A,  and  fibered 
morphisms  p,  v  :  WQFibMor  A  A,  define  a  type  family  over  WFibCell  ^(/i)  717(7/)  by 


WFibCellFam  (D,d,p)  ( E,e,q )  (f,P,9)  (g,  7,0)  (01,77)  :=  nc;cnt:B(1  c)^Bns:B(r  c)_>B 
natB(o,p(c,  t,  s))  =  J\f((D,d,p),  (. E,e,q ),  ( f,P,9 ),  (g,7,0),  (0,77)) 

We  will  usually  leave  out  all  but  the  last  three  arguments  to  WCellFam  and  WFibCellFam. 

Definition  99.  (7/)  Given  algebras  A  :  WQAIg^  (A,  B,  C,  1,  r),  A  :  WQAIgWfc(A,  5,  (7, 1,  r) 
and  morphisms  p,  v  :  WQMor  A  A,  define  the  type  of  W-quotient  cells  between  p  and  v  by 

WQCell  pv:=  (sC0  :  WCell  7 n(p)  717(1/))  WCellFam  77  //  C0 

Definition  100.  (Ft)  Given  algebras  A  :  WQAIg^  (A,  B,  C,  1,  r),  A  :  WQFibAlgWfc  A  anJ 
fibered  morphisms  p,  v  :  WQFibMor  A  A,  define  the  type  of  fibered  W-quotient  cells  between  p 
and  v  by 


WQFibCell  p  v  :=  ^£C0  :  WFibCell  7 Ti(p)  tt ^z/))  WFibCellFam  p  v  C0 
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<*(d{  1  c,t))  ■  ap g(p(c,t,s)) 


via  r](l  c,t) 

(/3(1  c,i)  ■ape(lc)(nE=(aoi))  ■  7(1  c,t)~^  -  ap ff(p(c,t,s)) 

F  (e(l  c),  e(r  c),  q(c),  6(c ,  t,  s),  0(c,  t,  s),  nE=(a  o  i),  nE=(a  o  s)) 
ap/(p(c,  t,  s))  ■  (/?(r  c,  s)  ■  ape(r  c)  (nE=(a  o  s))  ■  7(r  c,  s)-1) 

via  g  (r  c,  t)_1 

aP/(p(c,M))  ■  a(d(r  c,s)) 

Figure  3.6:  The  path  M  ((£>,  d,p),  (E,  e,  q),  (/,  9),  (g,  7,  0),  (a,  77)) 


aPp(c,M)f  (o:(«i(1  c,t)))  -  dap g(p{c,t,s)) 
via  g(l  c,  t) 

aPP(c,M)f  (^(1  c^)  -aPe(ic,t)(nE=(aot))  -7(1  c^)-1)  "  daps(p(c,  t,  s)) 

Q.(e(l  c,  t),  e(r  c,s),q{c,t ,  s),6(c,t,  s),  0(c,  i,  s),  nE=(a  o  t),  nE=(a  o  s)j 
dap/(p(c,  t,  s))  ■  (/3(r  c,  s)  ■  ape(r  c  s)  (nE=(a  o  s))  ■  7(r  c,  s)_1 ) 

v/a  77  (r  c,  t)-1 
dapj(p(c,  t,  s))  ■  a(d(r  c,  s)) 

Figure  3.7:  The  path  A/'jjA  d,p),  (. E,e,q ),  (f,P,9),  (g,  7,0),  (a,?/)) 
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We  have  the  following  analogue  of  lemma  |9Tj 

Lemma  101.  {%)  For  algebras  X  :  WQAIgWj  (A,  B,  C,  1,  r),  y  :  WQFibAlgi4  X  andfibered 
morphisms  p,  v  :  WQFibMor  X  y,  we  have 

p  =  v  ~  WQFibCell  p  v 

Proof.  Fix  algebras  ( D,d,p )  :  \NQA\gu.(A,  B,C,l,r)  and  (. E,e,q )  :  WQFibAIg^  ( D,d,  p ), 
and  fibered  homomorphisms  (/r0,  #),  (z/0,  0)  :  WQFibMor  ( D,d,p )  (E,e,q).  We  establish  the 
following  chain  of  equivalences: 

Oo,  0)  =  (uQ,  0) 

~  (sc0  :  /io  =  **)  (Co)fFibMorFam  (Ad’p)  (E’e’9)(0)  =  0 

~  ^EC0  :  /io  =  t'oj  WFibCellFam  (po,9)  (z/0 , 0)  (WFibMorPathToCell(C0)) 

~  ^£C0  :  WFibCell  /i0  r'oj  WFibCellFam  (po,9)  (Vo,0) 

=  WQFibCell  (/i0,  0)  Oo,0) 

The  first  equivalence  follows  by  the  characterization  of  paths  in  dependent  product  spaces. 
The  third  equivalence  follows  as  WFibMorPathToCell  :  (p0  =  z/0)  — t  (WFibCell  p0  z/0)  is 
itself  an  equivalence.  Finally,  to  prove  the  second  equivalence  it  suffices  to  show  that  for  any 
C0  :  p0  =  o0,  the  respective  fibers  over  C0  are  equivalent.  To  do  so,  we  generalize  0  and  perform 
a  one-sided  path  induction  on  C0,  keeping  the  left  endpoint  p0  fixed.  This  leaves  us  to  prove  that 
for  any  0  :  WFibMorFam  (D,  d,p)  (E,  e,  q )  p0  we  have 

6  =  (j)  ~  WFibCellFam  (p0,9)  (/x0,  0)  (WFibMorPathToCell(lw)) 

Writing  p0  as  a  pair,  we  can  reformulate  our  current  goal  as  showing  that  for  any  (/,  if)  : 

WFibMor  ( D ,  d)  (E,  e )  and  any  9,  0  :  WFibMorFam  ( D ,  d,p)  (E,  e,  q)  (/,  /3)  we  have 

9  =  4)  ~  WFibCellFam  (/,  (3,9)  (/,  0,0)  (WFibMorPathToCell(l(/j/3))) 

Examining  the  definition  of  the  map  WFibMorPathToCell  given  in  the  proof  of  lemma |9lj  we 
see  that  WFibMorPathToCell^^))  is  equal  to  a  pair  ( x  >->■  1  f(x),v),  where  ?/(a,  t )  is  the  path 

1  f{d(a,t)) 

P(a,t)  ■ape(ait)(l/0i)  ■  f3(a,  f)_1 


0(a,t)  ■ape(af)(nE-(  En(l/ot)))  ■  0(a,  t)  1 
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and  for  any  u,  v  :  a  —x  b,  the  map  XL1  :  (u  —  v)  — >  (la  ■  u  —  v  ■  16)  is  an  equivalence  defined 
by  mapping  0  :  u  =  v  to  the  path  below: 


la  -  U  -  U  -  V  -  V  ■  la 

Plugging  in  the  above  pair,  we  note  that  by  function  extensionality  it  suffices  to  show  that  for  any 

c,  t,  s,  the  type  9(c,  t,  s )  =  </>(c,  t,  s )  is  equivalent  to 

nat jr{x  ^  1  f(x),p(c,  t,  s))  =  A r({D,  d,p ),  (£,  e,  q),  (/,  /3,  0),  (/,  /3,  0),  (x  ^  l/(*),  77)) 

Fix  c,  t ,  s.  We  now  slightly  generalize  our  goal,  which  also  helps  to  keep  the  notation  in  check. 
The  desired  equivalence  will  follow  if  we  can  show  that  given  terms 

•  x,y  :  D, 

•  ei  :  (n6:fl(i  c)E(t  b ))  ->  E(x)  and  e2  :  (Ub:B(i  c)E(s  b))  ->•  E(y), 

•  Pi  ■  f(x)  =  ei(/  o  t)  and  /32  :  f(y)  =  e2(f  °  s), 

•  p  :  x  =  y  and  q  :  pf  o  a  e2, 

•  0,  $  :  dap/(p)  =  appB(^i)  ■  q(/  o  t,  f  o  s)  ■  /32“2, 

•  ri  :  f  o  t  —  f  o  t  and  r2  :  f  °  s  —  f  o  s, 

•  r*  :  l/ot  =  n  and  r*  :  l/os  =  r2, 

the  type  0  =  <f>  is  equivalent  to  the  commutativity  of  the  diagram  below 


JPPf  (!/(*))  ■dap/(p) 


natjr(x  (->■  lf(x),-p) 


daP/(p)  ■  lf(x) 


via  771 


JPpf  (A  ’  aPei(ri)  ‘  Pi  *)  ■dap/(p) 


via  i) 2 


Q(ei,e2,q,0,$,ri,r2) 


daP/(p)  ■  (/?2  -ape2(r2)  ■ /32  1 


where  771,  r/2  are  the  following  two  paths: 


!/(*) 


lE'CMifc)) 

Pi  ■  aPei(l/ot) "  /^f1 
via  r\ 


Pi  -aPei(ri)  'Pi  1 


l/(s) 

IE1  (^1,1  (ift)) 

P2  "  aPe2(l/os)  "  P^1 
via  r\ 

Pi "  ape2(r2)  ■  P2* 
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To  prove  that  this  generalized  statement  implies  our  original  goal,  we  just  let  x  :=  d{  1  c,  t), 

y  :=  d{ r  c,  s),  ei  :=  e(l  c,f),  e2  :=  e(r  c,s),  /3i  :=  /3(l  c,t),  /32  ■=  /3( r  c,f),  p  :=  p(c,t,s), 
q  :=  q(c,t,s),  0  :=  9(c,t,s),  $  :=  <j>(c,t,s),  rx  :=  1IE=(=En(l/ot)),  r2  :=  11E=(=E1I(l/os)), 
and  let  r\,  r2  be  the  obvious  paths.  The  paths  r/\,  //2  then  become  // ( 1  c,  t)  and  ?/( r  c,  s),  which 
finishes  the  proof  of  the  implication. 

Working  towards  our  generalized  goal,  we  first  note  that  we  can  now  perform  the  usual  path 
induction  on  p  and  one-sided  path  induction  on  r\ ,  r2  (with  the  right  endpoint  fixed).  It  thus 
suffices  to  show  that  given  terms 

•  x  :  D, 

•  ei  :  (II b:B(ic)E(t  b ))  ->  E(x)  and  e2  :  (nfe:B(r  c)E(s  b ))  ->•  E(x), 

•  A  :  f(x)  =  ei(/  o  f)  and  f32  :  f(x)  =  e2(f  o  s ), 

•  q  :  ei  e2, 

•  0,  $  :  l/(a.)  =  apid(/3i)  ■  q(/  o  t,  /  o  s)  ■  /32"2, 

the  type  0  =  <3>  is  equivalent  to  the  commutativity  of  the  following  diagram: 


aPid  (l/(a:))  "  l/(x) 


VOO  "  l/(®) 


v/a  Ih1  (Ti,  1(1/3,)) 


vialn1(li,i(ljga)) 


aPid  (ft  ■  l/(x)  -Pi1)- 1  /(*) 


Si 


l/(x)  ■  (#2  ■  l/(x)  ■  P2 


where  the  path  Qi  and  its  components  look  as  follows: 


SPid  (/?!  ■  1  'Pi  *)  ■  1 


aPid(A)  ■  1  ■  (aPid(A))  X)  - 1 


Pi 


1/(X)  ■  (#2  ■  1  ■  &  *) 


ai)  The  path  Qi 


aPid(/5i)-l-(apid(/3i))  M  -1 


Pi 


aPid(/3i) -  (l  -q (/of,/os))  ■# 


-l 

2 


apid(/3i) -  (q (f°t,foS)  ■  l)  ■  p. 


-l 

2 


5-r1 


1  ■  (/?2  ■  1  ■  P2 


bi)  The  path  Pi 
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(aPid(ft)  ■ 1  ■  (apid(0i))  *)  -1 

(apid(/3i) '  l)  ■  ((apid(/?i))_1 '  l) 
i2am 

(aPid(A)  ■  l)  ■  (q (/  ot,fos)'  P21) 


1  ■  (^2  ■  1  ■  P2 


via  Iq(0) 

(aPid(A)  ■  q (f°t,fo  s))  ■  (1  ■  P21) 


aPid(^i) '  (i  -q (/ot,/os))  -/V 


aPid(A)-  (q(/°^/°s)-1)  '/V 


Ci)  The  path  7£|  d , )  The  path  5i 

We  note  that  the  path  natj-(x  1-0  1  f(x).  p)  and  the  two  paths  involving  r\  and  r*2  have  reduced 
to  reflexivities.  Furthermore,  in  the  path  V\  we  no  longer  make  use  of  the  naturality  of  the 
heterogeneous  homotopy  q,  since  the  term  nat^(q,  l/o/.  lyos)  reduces  to  the  obvious  path  from 
<l(f°t,foS)  '  le2(/os) to  lei(/ot)  /os).  The  only  way  we  do  make  use  of  the  homotopy  q 

is  by  applying  it  to  the  two  arguments  /  o  t ,  f  o  s.  A  similar  observation  applies  to  the  functions 
ei,  e2:  the  only  way  we  make  use  of  them  is  by  referring  to  the  values  e±(f  o  t)  and  e2 (/  o  s). 
This  suggests  the  following  generalization  of  our  current  goal:  given  terms 

•  x  :  D, 

•  ej.,  e2  :  E(x)  and  q  :  ei  =  e2, 

•  :  f(x)  =  ei  and  f32  ■  f(x)  =  e2, 

•  0,  $  :  lf(x)  =  apid((51)  ■  q  ■ 

the  type  0  =  <f>  is  equivalent  to  the  commutativity  of  the  following  diagram: 


aPid  (l/(a:))  "  l/(x) 


V(*)  "  ^/(®) 


via  In1(l1>1(l|g1)) 


viaIn1(li,1(lA)) 


aPid  (Pi  ■  1  /(*)  'Pi1)'  1  f{x) 


Q2 


1  /(*)  '  (#2  ■  1  f{x)  '  P2 


where  the  path  Q2  and  its  components  now  look  as  follows: 
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aPid(A  ■ 1  mPi 2)  ■ 1 


aPid(/3i)  ■ 1 '  (aPid(/?i))_1)  '! 
V2 

l-fa-l-fc1) 
a2)  The  path  Q2 

aPid(/3i)-l-(aPid(/5i))_1)  -1 


aPid(A)  ■  l)  ■  ((aPid (/3i)) 


-l 


vi«I2a($) 


aPid(A)  " 1 )  ■  (q-^21) 


aPid(/?i)  ■ 1  '  (aPid(/5i))  x)  -1 


n2 


aPid(/3i)  ■  (!  ■  q)  ■  A 


2"1 


aPid(A)  ■  (q- 1)  1 


’-1 


aPid(A)  ■  (1  -q)  mP2 1 


b2)  The  path  V2 

1  ■  (/?2  ■  1  ■P21) 


(l  "  fa)  '  (l  '  P2l) 


via  lg(0) 


aPid(A)  ■  q)  ■  (i  ■  & *) 


aPid(A)  -  (q-  l)  ‘fa  1 


c2)  The  path  1Z2 


d2)  The  path  S2 


We  can  now  perform  path  induction  on  q  and  our  goal  becomes  to  show  that  given  terms 

•  x  :  D  and  ex  :  E(x), 

•  fa,  fa  :  f{x)  =  ei, 

•  0,  $  :  lf{x)  =  apid(/31)  ■  lei  ■  /?2“2, 
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the  type  0  =  <f>  is  equivalent  to  the  commutativity  of  the  following  diagram: 


3  P  id  (!/(*))  "  1/0) 


1/(0  "  V(0 


via  In1  (11,1(1^)) 


via  ID  (^1,1  (1ft)) 


aPid  (A  ■  1/(0  'A  ')  '  1/(0 


Q3 


L/(0  ' 


(a  ■  1/(0  ■  # 


where  the  path  Q3  and  its  components  now  look  as  follows: 
aPid(A  - 1  -  /A’)  - 1 


aPid(A)  ■  1  ■  (aPid(A))  *)  ■  1 
V3 

1  ■  (A  ■  1  ■  A-1) 


aPid(A)  ■  1  1  (aPid(A))-1)  ■  1 

n3 

aPid(A)  ■  (1  ■  1)  -  A"1 


A-1 


1  ■  (A  ■  1  ■  A x) 


a3)  The  path  Q3 


b3)  The  path  V3 


(aPid(A)  '  1  "  (aPid(A))  *)  -1 
(aPid(A)  ■  l)  ■  ((aPid(A))-1  ■  l) 

via  I^(<I>) 

(aPid(A)  '  l)  ■  (I'A-1) 


aPid(A)  1  (1  - 1)  '  A  1 


c3)  The  path  1Z3 


1/(0  ■  (A  ■  1  ■  A x) 


(1/(0  ■  A)  ■  (1  ■  A *) 

via  Iq(0) 

(aPid(A) '  l)  1  (A  -  A”1) 
aPid(A)  '  (l  '  l)  'A-1 

d3)  The  path  S3 
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We  now  note  that  either  one  of  the  two  assumptions  0,  <f>  implies  [j\  =  f32.  Thus,  it  is  enough 
to  prove  our  goal  under  the  additional  assumption  ip  :  (3i  =  f32.  But  now  we  can  perform  ordinary 
path  induction  on  ip,  which  replaces  fd2  with  /3 i,  and  a  subsequent  one-sided  path  induction  on 
f3\  :  f(x)  =  ei  (with  the  left  endpoint  fixed). 

It  now  suffices  to  show  the  following:  given  terms  x  :  D  and  0,  $  :  lf(x)  =  lf(x),  the  type 
0  =  $  is  equivalent  to  the  commutativity  of  the  following  diagram: 

1/(0 ' 1/(0  1/(0  "  1/(0 


1/0)  '  1/(0  .  ,  1/0)  '  1/0)  ,  1/(0 ' 1/0) 
via  I&($)  via  (1^(0)) 

In  particular,  we  note  that  both  of  the  vertical  paths  have  reduced  to  reflexivities.  The  com¬ 
mutativity  of  the  above  diagram  is  of  course  equivalent  to  the  commutativity  of  the  diagram 
below: 


1/(0 ' 1/(0 
via  I[](0) 

1/(0 ' 1/(0 


1/0)  "  1/0) 
via  Jim 
1/0)  "  1/0) 


Now  we  note  that  for  any  u,  v  :  a  —x  b  and  ip  :  u  —  v,  the  following  two  diagrams  commute: 


1  a‘U~ 

via  ip 


u 

ip 


U‘lb  - 
via  ip 


u 

ip 


1 


V 


v  ■  lh 


V 


In  the  case  when  ip  :=  1^0)  and  ip  :=  I^T),  all  of  the  horizontal  paths  in  the  above  two 
diagrams  become  reflexivities;  hence  we  can  reformulate  our  goal  as  showing  that  given  terms 
x  :  D  and  0,  <f>  :  1  we  have  (0  =  <f>)  ~  (lg(0)  =  Ig(<f))).  However,  when 

examining  the  definitions  of  Iq  and  1^,  we  clearly  see  that  ln(0)  =  0  and  !□($)  =  which 
means  we  are  done.  □ 

Lemma  102.  (Pi)  For  algebras  X  :  WQAIg^  (A,  B,  C,  1,  r),  y  :  WQAIg^  (A,  B,  C,  1,  r)  and 
morphisms  //  ,  v  :  WQMor  X  y,  we  have 

/.l  =  v  ~  WQCell  p  v 

Proof.  By  an  entirely  analogous  argument  as  in  the  proof  of|101[  □ 

We  are  now  ready  to  establish  the  analogues  of  lemmas  [33]  and |35j 
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Lemma  103.  (PL)  For  any  algebra  X  :  WQAIg^  (A,  B ,  C,  1,  r)  we  have 

hasWQIndWfc(A’)  — s-  hasWQIndUniq^fc(A’) 

Proof.  Fix  an  algebra  ( D ,  d,p)  :  \NQMgUj(A ,  B,  C,  1,  r)  and  assume  that  has\NQ\ndUk(D,  d,p ) 
holds.  In  order  to  show  that  hasWQIndUniq^fc(D,  d,p)  holds,  take  any  fibered  algebra  (E,  e ,  g)  : 
WQFibAlg^t  ( D,d,p )  and  fibered  morphisms  (f,(3,9),  (g,  7,0)  :  WQFibMor  ( D,d,p )  (E,e,q). 
By  lemma  [lOlj  to  show  (f,/3,9)  =  (g,y,cj))  it  suffices  to  exhibit  a  fibered  W-quotient  cell 
between  (/,  /?,  0)  and  (0, 7,  0). 

To  do  so,  we  use  the  induction  principle  with  an  appropriate  fibered  algebra  (. E e',  q')  : 
WQFibAIg  (D,d,p).  Defining  the  first  component  is  easy:  we  put  E'  x  (->•  f(x)  =  g(x), 
which  clearly  still  belongs  to  Uk  fiberwise.  For  the  second  component,  we  put 

e'(a,  A  u)  :=  /3(a,  t)  ■  ape(a  i)(nE=(M))  ■  7(0,  A)-1 

Finally,  we  let  g'(c,  A  s,  u,  v )  be  the  path 

p(c,  A  s)x^f{x)=9{x)  (e'(l  c,  A  «)) 

Fr(^f,g,p(c,t,  s),  e'(l 

dap/(p(c, A  s))_1  ■  (app(cAa)*(e'(l  c, f,  n))  ■  dap5(p(c,  A  «))) 

via  g>(e(l  c,  i),  e(r  c,  s),  g(c,  t,  s),  0(c,  t,  s),  £,  s),  nE=(it),  nE=(v)J 

dap/(p(c,f,s))“1  ■  (dap/(p(c,As))  ■  e'(r 


e'(r  c,  s,  v) 

where  for  any  h,  i  :  Ux:XY(x )  and  w  :  a  —x  b,  z  :  //(a)  =  i(a),  the  path 

Tr{h,i,w,z)  :  =  dapk(TO)-'  •  (ap„«(p)  ■  daPj(ro)) 

is  defined  by  path  induction  on  w  in  an  obvious  way.  The  induction  principle  then  gives  us  a 
fibered  morphism  (a,  77,  -0)  :  WFibMor  ( D ,  d,p)  ( E' ,  e',  q'),  where  a  :  /  ~  g  and 

?/(a,  f)  :  a(d(a,  t ))  =  e'(a,  t,  a  °  f) 

^(c,  A  s)  :  dapa(p(c,  t,  s ))  =  app(ct  s)B'  (?/(l  c,  t))  ■  g'(c,  A  s,  a  o  t,  a  o  s)  ■  ?/(r  c,  s)"1 
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The  pair  (a,  rj)  :  WFibCell  (/,  (3)  (g,  7)  forms  the  first  component  of  our  desired  W-quotient  cell 
between  (/,  f3,  6)  and  (g,  7,  </>).  It  remains  to  show  that  for  any  c,  t,  s,  we  have 

nat jr(a,p(c,  t,  s))  =  Af((D,  d,p ),  (E,  e,  g),  (/,  /3,  0),  (g,  7,  (p ),  (a,  77)) 

Fix  c,  f ,  s.  The  desired  equality  will  follow  if  we  can  show  that  given  terms 

•  x,y  :  D, 

•  e\  :  E(x)  and  e2  :  E(y), 

•  7/i  :  a(x)  =  ex  and  y2  ■  at(y)  =  e2, 

•  p  :  x  =  y  and  q  :  app?(ei)  ■  dap9(p)  =  dap/(p)  ■  e2, 

the  commutativity  of  the  diagram 


x^f{x)=g(x) 


a(x)) 


via  rji 


x>-tf(x)=g(x) 


(el) 


dapQ(p) 


A 


dap/(p)-1  ■  (appB(ei)  ■dap9(p)) 
via  q 

dap/(p)“1  ■ (dap/(p)  ■ e2) 


<*(y)  - 


m 


e2 


implies  the  commutativity  of  the  following  diagram: 

app s(a(x))  ■  dap5(p)  - Vl“  ''' - 

natj-(a,p)  B 

dap/(p)  ■  a(y)  - : - 

via  rj2 


-  appf(ei)-dap5(p) 

q 

-  dapy(p) ■  e2 


To  prove  that  this  generalized  statement  implies  our  original  goal,  we  just  let  x  ■—  d(  1  c,  t), 

y  :=  d( r  c,  s ),  eL  e'(l  c,t,a  o  t ),  e2  :=  e’{r  c,s,a  o  s),  r /1  77(1  c,  t),  rj2  ■—  c,  s), 

P  :=  P(c,t,s),  q  :=  Q,(e(  1  c,t),e(r  c,  s),  g(c,  f,  s),  0(c,  t,  s),<f>(c,  t,  s),  o  t),  nE=(a  o  s)). 

Finally,  ip(c,  t,  s )  implies  the  commutativity  of  A,  which  finishes  the  proof  of  the  implication. 
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Working  towards  our  new  goal,  we  note  that  by  a  straightforward  path  induction  we  can 
express  dapa(p)  equivalently  as  the  path 


x\->f(x)=g(x)/  /  \\ 

p*  '  (a(x’)) 

Tf(/,  ff,P,a(x)) 

dap/(p)-1  ■  (appp(a(x))  ■  daps(p)) 
via  natjr(a,  p) 

dap/(p)-1  ■  (dapj(p)  ■  a(y)) 


<*{y) 


Thus  the  commutativity  of  A  is  equivalent  to  the  commutativity  of  the  outer  rectangle  in  the 
diagram  below: 


p  *-/(*)=*(*)  (a(x)) - 

Tj?{f,g,p,a(x)) 

dap/(p)-1  ■  (appE(a(x))  ■  dap5(p)) 
via  natjr(a,p) 

dapj(p)-1  ■  (dap/(p)  ■  at(y))  - 


<*{y) 


via  rji 

c 

via  r] i 

D 

via  rj2 

E 

V2 


x\ —>f(x)=g(x)/  \ 

- p*  (ei) 

7>(/,5,p,ei) 

dap/(p)“1  ■  (appp(ei)  ■dap9(p)) 

via  q 

dap/(p)_1  ■ (dap/(p) ■ e2) 


e2 


Rectangles  C  and  E  clearly  commute  by  an  easy  generalization  and  subsequent  path  induction 
on  r/i  and  7?2.  Hence  the  commutativity  of  the  outer  rectangle  is  equivalent  to  the  commutativity 
of  D.  But  the  commutativity  of  D  is  equivalent  to  the  commutativity  of  B  and  we  are  done.  □ 

Corollary  104.  (H)  For  any  algebra  X  :  WQAIg^  ( A ,  B,  C,  1,  r)  we  have 

hasWQIndWfc(T’)  isWQHInit^*) 
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Lemma  105.  (PL)  For  any  algebra  X  :  WQAIg^  (A,  B,  C,  1,  r)  we  have 

hasWQRec^W)  x  hasWQRecUniq^W)  — »  hasWQInd^W) 
provided  k  >  j. 

Proof.  Fix  an  algebra  (D,  d,p)  :  \NQA\gu  (A,  B,C,1,  r)  and  assume  that  hasWQRec^-D,  d,p) 
and  hasWQRecllniqWfc(.D,  d,  p)  hold.  To  show  that  hasWQIndWfc(.D,  d,p)  holds,  fix  any  fibered 
algebra  (E,  e,  q)  :  WQFibAIg^  ( D .  d,p ).  In  order  to  apply  the  recursion  principle,  we  need  to 
turn  this  into  a  non-fibered  algebra  ( E e',  <{).  The  first  component  is  easy:  the  only  reasonable 
choice  we  have  is  to  put  E'  :=  E x:DE{x)\  we  note  that  since  D  :  Up  E  :  D  — >•  Uk,  and  j  <  k, 
E'  belongs  to  Uk  as  needed.  For  the  second  component,  we  put 

e'(a,  u )  :=  (d(a,  7Ti  o  u)  ,  e(a,  717  o  u,  tt2  o  u)  j 
Finally,  we  let  q'{c ,  u,  v )  be  the  path 


/ 


d  (l  C,  7Ti  0«),e(l  C,  7Tl  o  It,  7T2  O  u)  j 

^p(c,  7Tl  O  tt,  7Ti  O  ,  g(c,  7Ti  O  It,  7Tl  O  It,  7T2  O  U,  7T2  O  u)  ^ 

^d(r  c,  77  ov),e(r  c,  7Ti  o  v,  7r2  ov)j 


The  recursion  principle  then  gives  us  a  morphism  (/,  /?,  </?)  :  WQMor  ( D ,  d,  p)  (. E e',  </),  where 
/  :  -D  ->  Ex:jD£(a;)  and 

0(M)  :  f{d{a,t ))  =  e'(a,fot) 

ip(c,  t,  s)  :  ap f(p(c,  t,  s))  =  £(l  c,  t)  ■  g'(c,  /  °  t,  f  o  s)  ■  /5(r  c,  s)-1 

We  now  want  to  show  that  the  function  7Ti  o  /  :  .D  — >  .D  is  in  fact  the  identity  on  D  (up  to  a 
homotopy,  of  course).  We  can  do  this  by  endowing  both  of  the  functions  7Ti  o  /  and  id^  with  a 
morphism  structure  on  the  algebra  (D,  d,p );  by  the  recursion  uniqueness  principle  it  will  follow 
that  these  morphisms  are  equal,  and  in  particular  they  are  equal  as  maps. 

We  start  with  the  easier  case:  we  turn  the  identity  map  id  D  into  a  morphism  (id/,.  d.  0)  : 
WQMor  ( D,d,p )  (D,  d,p)  by  defining  5(a,  t)  :=  ld(o,q  and  <j>(c,  t ,  s)  :=  Iq2(<I>(p(c,  t,  s))), 
where  for  any  r  :  x  —x  y,  $(r)  :  lx  ■  apid  (r)  =  r  ■  ly  is  the  obvious  path. 

We  turn  the  composition  7Ti  o  /  into  a  morphism  (iti  o  /,  7,  61)  :  WQMor  (D,  d,p)  ( D ,  d,p) 
as  follows.  We  note  that  /3(a,  t)  :  f(d(a ,  £))  =  (d(a,  n1o  f  ot), . . We  need  a  path  between  the 
respective  first  components  of  the  endpoints;  to  simplify  the  notation,  we  let  7rf  and  nf  denote 
the  compositions  717  o  =ES  and  7r2  o  =Es,  and  define  y(a,  t)  :=  7Tf  (/3(a,  £)). 
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Finally,  we  define  8(c ,  t,  s )  :=  ln1(0(c,  t,  s)),  where  0(c,  t,  s )  is  the  path 


ap^o/Otc,  t,  s))  ■  7rx  (/?( r  c,  s)) 

W(c,  t,  s ) 

vrr  (ap/(p(c,t,s))  -£(r  c,s)) 
v/fl  Iq((/j(c,  t,  s)) 

*7  (/3(1  c,  i)  ■  q'(c,  /of,/os)J 
V(c,i,s)_1 

TTf^1  C,f))  -p(c,7Ti  o/ot,7Ti  o/oS) 


and  ZY(c,  t,  s ),  V(c,  t,  s )  are  the  two  paths  below: 


aP^o/(p(c,M))  -tti  (/?(r  c,s)) 


tti  (ap f(p(c,  t,  s)))  ■  'K1  (/3(r  c,  s)) 


7TI  (ap/(p(c,i,s))  "  /3(r  c,s)) 


7Ti  (0(l  C,  f))  ■  p(c,  7Ti  O  /  O  t,  7Ti  O  /  O  S) 


7Ti  (0(1  c,  t))  ■  viy  (<?' (c,  f  ot,f  os)) 


7Ti  (/3(l  c,t)-q'(c,f  ot,f  os)^ 


By  the  recursion  uniqueness  rule,  the  morphisms  (7Ti  o  /,  7,  0)  and  (ido,  5,  0)  are  equal.  By 
lemma  102  there  exists  a  W-quotient  cell  ( a ,  7, 0)  between  them,  where  a  :  717  o  /  ~  id/)  and 


V(a,  t)  :  a(d(a,  t))  =  tt±  (0(a,  t))  ■  apd(a)  (UE  (a  o  t))  ■  ld(aji) 

0(c,t,s)  :  nat(a,p(c,t,s))  =  M^(D,d,p),  (D,d,p),  (tti  o  /,7,0),  (idD,  5,  0),  (a,  7)) 


Our  desired  fibered  homomorphism  (fD,  (3D,  @d)  ■  WQFibMor  (D,d,p)  (E,e,q)  will  be 
constructed  as  follows.  Given  a  homotopy  H  :  /?i  ~  ho  between  two  maps  hi,  h2  :  A"  — y  Y  and 
a  function  g  :  Ux:X Z (hi(x)) ,  let  H  on  g  denote  the  function  x  t->-  H{x) f  g(:r),  which  has  type 
Hx,xZ(h2(x)).  We  can  now  define  fn  ■—  a  on  (7 r2  o  /),  which  has  the  required  type  Ux:DE(x), 
since  we  have  a  :  7Ti  o  /  ~  id^  and  7t2  o  /  :  nx:D£,(7ri(/(a;))) . 
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For  the  second  component,  we  need  a  path  f3D(a ,  t)  :  fD(d(a,  t ))  =  e(a,  t ,  fD  °  t).  To  this  end 
we  introduce  the  following  auxiliary  definitions: 

•  For  any  a:  A,t  :  B(a )  — *  D,  let 

«(<M)  :  (11E=(=E1I(a  of)))  oH  (n2  o  f  o  t)  =  (aot)  oH  (vr2  ofot) 

be  the  obvious  equality. 

•  For  any  a  :  A,  f1;  t2  :  5(a)  — >■ D,r  :  ti  —  t2,  U\  :  II6:S(a)£,(t1  6),  let 


be  the  obvious  equality  defined  by  path  induction  on  r. 

•  For  any  a  :  A,  ti,t2  :  B(a)  ->D,r:t  i  =  f2,  «i  :  n6:jB(a)5(fi  6),  let 


be  the  path  defined  by  e(a,  r,  Wi)  :=  "E~  (ap(/(a)(r),  t(a,  r,  «i)) . 

•  For  any  a  :  A,  t  :  B(a)  — >■  D,  u\,u2  :  IIb:s(a)5(f  6),  r  :  u\  —  u2,  let 


be  the  path  defined  by  v(a,t,r)  :=  sE-(ld(cM),  ap e(o>t)(r)). 

At  this  point  we  can  define  /3d  (a,  f)  as  the  path 


<*(d{a,t))f  7 r2(/(d(M))) 


E 


a,  f)  ■  e(a,  nE  (a  o  f),  7r2  o  /  o  i)  ■  t;(a,  t,  n(a 


^ r2(f{d(a,t))) 


where  5 (a,  f)  is  the  path 
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a(d(a,  t)) 

V (a,t) 


TTi  (fta,  t))  ■  apd(a)  (nE  (a  o  t))  ■  ld(a,t) 


7Ti  (fta,t))  -7T!  (e(a,nE  (aoi))7r2o/of)j  ■  viy  (u(a,t,/c(a,i))) 


1  e(a,  nE 


(a  o  t),  7T2  o  /  o  t)  ■  v  (a,  t,  /c(a, 


For  the  last  component,  we  need  a  path 

0D(c,t,s)  :  dap/D(p(c,t,s))  =  app(c>ts)B  (^D(l  c,  t))  •  q(c,t,s,  fD  ot,  fD  o  s)  '  pD(r  c,s)_1 

To  do  so,  we  generalize  our  goal  as  follows:  let  i  G  {1,  2}.  Then  given  terms 

•  Xi  :  A, 

•  Si  :  B(xi )  ->  D  and  u{  :  nf):S(a,.)T;(si  6), 

•  ti  :  B(xi)  ->  D  and  u*  :  n?i:B(3..)E(fi  b ), 

•  :  Si  =  ti  and  ^  :  (=En(r;))  ow  u%  =  vu 

•  Pi  :  f(d(xi,ti ))  =  (d(xi,Si),e(xi,Si,Ui)), 

•  rjt  :  a(d(xi,ti ))  =  7rf  (ft)  ■  ap^fa)  ■  ld{xi,ti), 

•  p  :  d(x  1)  d(x2), 

•  q  :  ^(p(f,  s)f  o  e(n,  f))  e(x2,  s)) , 

•  :  ap/(p(fi,  t2))  ■  P2  =  Pi  ‘  SE=  ^p(si,  s2),  q(si,  s2,  «i,  W2)) , 

the  commutativity  of  the  diagram 


ot{d{x iM)) -  apid(p(fi,f2)) 
nat(a,p(fi,f2)) 


*1  (ft)  ■aPdtzoOr) - 1)  ■aPid(p(ti,^)) 


Vi 


2Pn1of(p(t1,t2))  •  a(d(x2,t2)) - : - ap  /(p(^1,f2))  ■  (Vf(ftj)  ■  apd(x2)(r2)  ■  l) 

viar]2  J  V  v  '  / 


implies  the  commutativity  of  the  following  diagram: 
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daP/i3(p(i1^2)) 


fD(d{X2,t2)) 


via  T>\ 


q.(h,t2,ui,u2) 


e{x2,  t2,  v2) 


The  paths  T>\,  V\  and  their  components  are  defined  below. 


a(d(xi,U)) f  7 T2(f(d(xi,ti))) 
via  B] 

(n=(/3i-  E(xi,ri,Ui)  •  v(xi,ti,u]i))')  n2{f{d{xi,  U))) 

1^2  {Pi  ■  e{xi,ri,Ui )  ■  v(xi,ti,Ui )) 
e(x^?  tij  vpj 


ai)  The  path  T>5 


a(d(xi,ti)) 

Vi 

*T(Pi)  maPd(xi)(ri) - 1 


7Tl  (A)  -7rl  -7ri  {v{Xi,ti,U}i)) 


7T7 


1  v(x. 


b|)  The  path  B\ 
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(tt(/3i)  ■  aPd(xi)(ri)  ■  i)  ■  aPid(p(^ h)) 

n, 

*T(Pi) -  (aPd(xi)(n)  ■  ?{ti,  *2))  ■  i 

via  nat^(p,ri,r2)_1 
7Ti=C8i)  ■  (p(si,s2)  -apd(x2)(r2))  -1 

.sr1 

aP^o/(p(*i^2))  ■  (?rr(/32)  -apd(!B2)(r2)  ■  l) 

Ci)  The  path  V\ 

aP7r1o/(p(^i^2))  ■  (7rr(/32)  -apd(x2)(r2)  ■  l) 
(aPwlo/(p(ii^2))  -vrf(/32))  -apd(x2)(r2)  ■  1 

v*a  IntlE1!0!)) 

(vrr(/3i) -p(si,s2))  -aprf(x2)(r2)  ■  1 

tT(A)  -  (p(si,S2)  ■  3  P d(x2~)  (^*2  ) ^  '  1 

ex)  The  path  Si 


(7rr(/^1)  ■  aPd(Kl)(^i)  ■  l)  '  a P id  (p(^i 5^2)) 
7rf(A)  ■aPd(x1)(n)  ■  (l  ■apid(p(ti,i2))) 

via  I^(lE2($(p(ti,t2)))) 
7rr(A)  ■apd(*l)(r1)  ■  (p(*i,*2)  ■  l) 

7rf(/5i)-  (ap^Oq) -p(fi,f2))  -1 

di)  The  path  TZi 

*Pn1of(p(ti,t2))  -Ttr^a) 

Ui 

vrr  (apf(p(ti,t2))  -/32) 
via  ip* 

7T=  (px  ■  SE=(^p(.Si,S2),q(.Si,S2,?/i,7/2)^ 

vr1 

7rr(/5i)-p(5i,S2) 

fi)  The  path  0i 


We  note  that  in  the  paths  T^i  and  we  choose  to  use  the  equalities  In(l52($(p(£i,£2)))) 
and  Ig(l51(01))  instead  of  the  more  economical  <f)(p(fi,  t2))  and  @1.  This  is  due  to  the  fact  that 
in  our  chosen  form,  1Z\  and  S\  are  direct  generalizations  of  the  respective  paths  in  our  original 
goal,  which  would  not  be  the  case  had  we  opted  for  the  more  concise  version. 
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apWlo/(p(ii,fe))  -7rr(/52) 


(aP/(p(tl,t2)))  -TTI  (AO 


7Tf  aP/(p(ti,t2))  -/3i 


TTl  (A)  ■P(S1,S2) 


TTl  (A)  ■  (p(Si,S2),q(Si,S2,«l,«2)J 


7Tl  (/5l  ■  SE  (p(si,  s2),  q(si,  s2,  Ml,  u2)) 


gi)  The  path  Ux  hi)  The  path  Vi 

To  prove  that  this  generalized  statement  implies  our  original  goal,  fix  c,  t,  s  and  let  x  :=  1(c), 
y  :=  r(c),  Si  :=  7ti  o  /  o  t,  s2  :=  7Ti  o  /  o  s,  u,  :=  7t2  o  /  o  t,  u2  :=  7r2  o  /  o  s,  f,  :=  t, 
t2  ■=  s ,  Mi  :=  fD  o  t,  m2  :=  fD  °  s,  n  :=  nE=(a  o  t),  r2  :=  nE=(a  o  s),  ay  :=  k(1  c,t), 
uj2  :=  /t(r  c,  s),  fix  :=  /3(l  c,£),  p2  :=  /?(r  c,  s),  ry  :=  7/(1  c,f),  /32  :=  ?/(r  c,  s),  p  :=  p(c), 
q  :=  ?(c),  </?*  :=  Iq(</p(c, f, s)).  The  paths  £f{,  Bf,  V\,  V\,  U\,  Vi,  ©i  then  become  £>(1  c,  t), 
B{ r  c,  s),  /3d (1  c,t),  /3d  (r  c,s),U(c,t,  s ),  V(c,f,s),  0(c,t,s). 

The  path  7?.i  becomes  1Z  ^y(l  c,  £),  ap^  c)  (nE=(ao£)) ,  1^  t ,  s))  j ,  where  we  refer  to  the 
definitions  of  7  and  0  made  when  endowing  the  map  717  o  /  with  a  morphism  structure.  Similarly, 
S\  becomes  S  ^aprf(-r  c)(nE=(ao  s)),S( r  c,  s )  1,  Iq(0(c,  t,  s))j ;  this  makes  sense  since  5  was  de¬ 
fined  as  a  point-wise  reflexivity.  Finally,  V\  becomes  V  ^d(l  c),d(r  c),p(c),  9(c,  t,  s),  0(c,  t,  s)  j 

and  the  higher  path  0(c,  t.  s )  then  proves  the  commutativity  of  the  diagram  required  in  the  hy¬ 
potheses,  which  finishes  the  proof  of  the  implication. 

Working  towards  our  generalized  goal,  we  note  that  we  can  now  perform  one-sided  path 
induction  (with  the  right  endpoint  fixed)  on  r.,  and  consequently  on  ay.  This  leads  to  the  following 
goal:  given  terms 

•  Xi  :  A, 

•  ti  :  B(xi)  ->  D  and  vt  :  II b:B(x.)E(ti  b ), 

•  Pi  :  f(d(xi,ti ))  =  (d(xi,ti),  e(xi,ti,Vi)) , 

•  Tji  .  Ol(d(Xi^tp)  7T j  (Pi)  "  1  d(xi,ti)  "  ^-d(xi,ti)’ 

•  p  :  d(x  1)  <i(a;2), 

•  q  :  Ut:B(x1)^D^-s:B(x2)^D^{p{t,s)^  o  e(a?i,t))  ~we(a;2,s)), 

•  :  ap/(p(fi,  t2))  ■  P2  =  Pi  ■  EE=  (p(ti,  t2),  q(fi,  t2,  Mi,  m2)  ) , 

the  commutativity  of  the  diagram 
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a(d(ari,ii))  ■apid(p(ti,t2)) 


nat(tt,p(ti,t2)) 


aP*l0f(p{ti,t2))  ■  a{d{x2,  t2)) 


via  rji 


tti  (A)  ■  1  ■  l)  ■apid(p(t1,t2)) 


V2 


via  r] 2 


aP^o/(P^1^2))  ■  (A)  ■  1  ■  1 


implies  the  commutativity  of  the  following  diagram: 

daP/£,(p(ti,t2)) 


p(*i,*2)f  (/o(^i,ii))) 


fD(d{X2,t2)) 


via  T> I 


^2 


P0l,A)*  (e(®!,  *!,«!))  - — - - - 

q(ti,t2,  Vi,U2) 

The  paths  Vl2,  V2  and  their  components  are  defined  below. 

a(d(xhU)) f  7r2(/(d(a:i,ti))) 
via  Bl2 

(t A (A  - 1  - 1))*  tt2 (f(d(xi}ti))) 
Tr(A  -1-1) 

e(xi,ti,Vi) 


e(x2,t2,v2) 


a2)  The  path  X>2 

Vi 

7 rr(A)  - 1  -  1 


7Ti  (A  - 1  - 1) 

b2)  The  path  £>?> 
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(tti  (0i)  ■  1  ■  i)  ■apid(p(t1,t2)) 


n2 


TTl  (A)  -  (l  ■  1 


TTl  (A)  -  (p(*l,*2) 


1-1 


apT1„/(p(*i,*2))  ■  (^rrCAs) 


1  ■  1 


c2)  The  path  :P2 


(tti  (ft)  ■  1  ■  1)  ■apid(p(t1,*2)) 

^TiPi) - 1  -  (l  -aPid(p(^i^2))) 

via  I^(l52($(p(ti,t2)))) 
vrr(/3i)  ■  1  ■  (p(ti,i2)  ■  l) 

7 rf(ft)  ■  (l  -p(ii,i2))  ■  1 
d2)  The  path  1Z2 


aP^o/P^i^))  ■  (Aa)  ■  1  ■  l) 

(ap7r1o/(p(ii,^))  ■  7rf  (ft))  ■  1  ■  1 
v/a  Iq(Id1(@2)) 
(vrr(/3i)  -p(ti,t2))  -1-1 

tiTO^i)  -  (p(*i,*2)  ■  l)  ■  1 

e2)  The  path  <S2 


apT1o/(p(*i^2))-7rf(/32) 

U2 

^7  (ap/(p(ti,t2))  -^2) 

v/a  </?* 

TT-f  (ft  ■  SE=  (p(*i,  *2),  q(*i,  *2,  VI,  w2))) 
ft"1 

7rr(/5i)-p(ti,t2) 

f2)  The  path  02 
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aPTno/tpOl,^))  -  MAO 


TTl  (A)  "  P(^l>  ^2) 


7Tf  (ap/(p(t1,i2)))  ■  7rr(/32)  ^1  (A)  '  SE  (pftpfc),  q(*i,  £2,  vu  i;2)) 


(aP/(p(^i,  ^2))  ■  ^1)  TTf  (a  ■  (p{ti,t2),q(ti,t2,v1,v2))^ 

g2)  The  path  1T>  h2)  The  path  V2 

We  note  that  in  the  paths  B\  and  V\  we  no  longer  refer  to  the  terms  e  and  v,  since  £(xr.  ltl ,  vp 
and  v(xj,  ti,  lVi)  have  reduced  to  the  identity  on  the  pair  (d(xi,  £*),  e(xi,  £,,  ty)) .  Furthermore,  in 
the  path  To  we  no  longer  make  use  of  the  naturality  of  the  heterogeneous  homotopy  p,  as  the  term 
nat-H(p,  ltl ,  1<2)  reduces  to  the  obvious  path  from  p(£i,  £2) - 1  d(x2,t2) t0  ld(xi,ti)  'p(fi,  £2).  The  only 
way  we  do  make  use  of  the  homotopy  p  is  by  applying  it  to  the  two  arguments  £1,  £2.  Similarly, 
we  only  use  the  homotopy  q  when  applying  it  to  the  arguments  £1,  £2,  ih,  ^2-  An  analogous 
observation  applies  to  the  functions  d  and  e:  the  only  way  we  utilize  them  is  by  referring  to  the 
values  d(xi,£i),  d(x2,t2),  e(xi,t1,vi),  e(x2,t2,v2).  This  suggests  the  following  generalization 
of  our  current  goal:  given  terms 


•  di  :  D  and  e*  :  E(dp, 

•  fa  :  f{di)  =  (di,  ep, 

•  r]i  :  a(di)  =  tt f  (ft)  ■  1*  1 1*. 

•  p  :  di  =  d2  and  q  :  pf  e.\  =  e2, 

•  :  aP/(p)  ■  P2  =  Pi  ■  SE=(p,  q), 

the  commutativity  of  the  diagram 


a(di)  '  aPid(p)  - 
nat(a,  p) 

aP7rio/(p)  ■  Oi(d2) 


-  (yq  (Pi)  ■  1  ■  l)  ■apid(p) 

V3 

ap^l0/(p)  ■  (nT(P 2)  ■  1  ■  l) 


implies  the  commutativity  of  the  following  diagram: 
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dap/»  , 

P*  (/d(A)) - /d(A) 


via 


iaV\ 


v\ 


Pf(ei) 


q 


e2 


The  paths  T>\,  V3  and  their  components  are  as  follows: 

a{di) f  7 r2(/(di)) 

via  B', 

(vrr(A-l  -l))f  n2{f(di)) 

^2  (  di  -1-1) 


a(di) 

Vi 

7T=(/3i)  -1-1 


TTl  (A  ■  1  ■  1) 


a3)  The  path  D3 


b3)  The  path  13', 


(tti  (A)  ■  1  ■  l)  ■  aPid(p) 
n3 


A-1 


(tti  (A)  ■  1  ■  l)  ■  apid(p)  aP7rl0/(p)  ■  (tti  (A)  ■  1  ■  l) 


7T(A)  ■  (!  ■  p)  ■ 1  TTfCA)  ■  1  ■  (1  ■apid(p))  (ap7r1o/(p) -7rr(A))  ■  1  ■  1 


via  Ig(Ig2($(p)))  Vial^(l51(03)) 


7Tf(A)  ■  (p  ■  1)  ■  1  7Tf  (A)  ■  1  ■  (p  ■  1)  (nr (A)  ■  p)  ■  1  ■  1 


apffl0/(p)  ■  (tti  (A)  ■  1  ■  l)  ^  (A)  ■  (1  -P)  ■  1  tti  (A)  ■  (P- 1)  ■  1 


c3)  The  path  V3 


d3)  The  path  7 Z3 


e3)  The  path  S3 
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ap7rio/(p) 

Us 


tit  (ap./(p) 'PzJ 

via  <p* 

7Tf  ^/3i  ■  SE=(p,  q)^ 

^T{Pi)  -P 


>P^o/(p)  -TTfCA) 


TTl  (/5l)  -  P 


*r(ap/(p))  'TTiiPi)  ni(Pi) '  SE~(p,  q) 


TTi  (ap/(p)  -/3i)  7Tx  (/3i  ■  SE  (p,q)) 


f3)  The  path  03  g3)  The  path  U3  h3)  The  path  V3 

We  can  now  perform  the  usual  path  induction  on  p  and  consequently  on  q.  It  thus  suffices  to 
show  that  given  terms 


•  di  :  D  and  ex  :  E(di), 

•  Pi  :  /(di)  =  (di,ei), 

•  r]i  :  a(di)  =  7 r=(/3i)  ■  ldl  ‘  1  dl, 

•  V*  ■  l/(di)  '  P2  —  Pi  '  l(di,ei)> 

the  commutativity  of  the  diagram 


vza  771  /  \ 

a(di)  ■  1  -  (^f (/3i)  ■  1  ■  lj  ■  1 

Vs 

1  ■  a(di) - : - 1  ■  (Vf  (/?2)  ■  1  ■  l) 

V7<2  772  V  / 


implies  the  commutativity  of  the  following  diagram: 


f  n{d\ 


Id  (d2 


T)1 

us 


V2 

us 


ei 


ei 
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We  note  that  the  two  horizontal  paths  in  the  above  diagram  have  reduced  to  reflexivities; 
furthermore,  we  no  longer  refer  to  the  naturality  of  a  since  the  term  nat(a,  ldl)  reduces  to  the 
obvious  path  from  a(d\)  ■  1,/,  to  ldl  ■  aid}).  The  paths  V\,  P4  and  their  components  are  as 
follows: 


a(A)f  7r2(/(di)) 


via  Bi 


(a  (A  - 1  ■  i))f  7r2(/(A)) 


a(di) 

Vi 

7i 7(A)  - 1  - 1 


(tti  (A)  ■  1  ■  l)  ■  1 

TTf  (A  )  ■  (1  ■  1)  ■  1 


7T2  (A  •  1  •  1) 

el  7Tf(A-l-l) 


A'1 

1  ■  (t 7f(A)  ■  1  ■  l) 


a4)  The  path  A 


b4)  The  path  £>4 


c4)  The  path  A 


(77 1  (A)  ■ 


l-il-i 


1  ■  (77 1  (A)  ■  1  ■  1) 


1  ■  7T4  (A) 


1  ■  7T4  (A) J  ■  1  ■  1 

via  IAI51(©4)) 


77 1  (1  'A) 


77i  (A)  ■  1  ■  (1  ■  1)  (774  (A)  ■  l)  ■  1  ■  1 


77 1  (A)  ■  (1  ■  1)  ■  1  A  (A)  ■  (1  ■  1)  ■  1 


via  ip* 


77 1  (A  ■  1) 


77 1  (A)  1  1 


d4)  The  path  7A  e4)  The  path  A  f4)  The  path  04 

We  note  that  in  the  path  1Z 4  we  no  longer  refer  to  the  term  <£>,  since  the  term  A  (I52  ($(l<ii )) ) 
reduces  to  reflexivity.  Furthermore,  the  only  way  we  make  use  of  the  homotopy  a  is  by  referring 
to  the  value  a(d\). 

To  prove  our  newest  goal,  we  observe  that  assuming  a  higher  path  <p*  :  1  f(dl)'  A  =  A '  l(d1>ei) 
is  equivalent  to  assuming  a  path  ip*  :  A  —  A  instead  and  replacing  the  occurrence  of  ip*  in  04  by 
X14  (A)-  The  assumption  A  has  the  advantage  that  we  can  immediately  perform  path  induction 
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on  it  (keeping  the  right  endpoint  fixed),  which  results  in  replacing  /32  with  .  Moreover,  at  this 
point  we  can  generalize  not  only  the  paths  a(di)  and  f3\,  but  also  the  points  f{d\)  and  (d\.;  ei), 
replacing  every  occurrence  of  d\  and  e\  with  the  appropriate  first  or  second  projection.  This  leads 
to  the  following  goal:  given  terms 

•  Z\ ,  z2  :  E x:DE(x), 

•  a*  :  7Ti(2i)  =  7Ti  (z2)  and  ,5*  :  z\  =  z2, 

•  .  a*  7T^  (/?*)  ■  l^i  (Z2)  "  i" 7t i  (22)’ 

the  commutativity  of  the  diagram 


via  r?i  /  \ 

a*  ■  1  -  (7rf(&)  ■  1  ■  lj  ■  1 

V5 

1  ■  a* - : - 1  ■  (vrf  (/3*)  ■  1  ■  l) 

via  t]2  \  / 

implies  the  commutativity  of  the  following  diagram: 


(«*)f  7T2(2l) 


(«*)f  7r2(zi) 


^5 


^5 


7T2(^l) 


7T2(^2) 


The  paths  V V5  and  their  components  are  as  follows: 


«*)f  7T2(^l) 


via  Bl 


(yrr(/3*  ■  1  ■  l))f  7 t2(£2) 
Try  (A  ■  1  ■  1) 

7T2(^2) 


a* 


Vi 

7 rf(ft)  - 1  ■  1 


tti  (&  ■  1  ■  1) 


(tti  (A)  ■  1  ■  l)  ■  1 

Trr(^)  ■  (1  ■  1)  ■  1 
*S5_1 

1  ■  (7Tf(/3*)  ■  1  ■  lj 


a5)  The  path  D5 


b5)  The  path  B‘- 


C5)  The  path  V5 
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1  ■  (tTi  (/?*)  ■  1  ■  1 ) 


(tI-!  (ft)  ■  1  ■  l)  ■  1  (l  ■  TTl  (P*) )  ■  1  ■  1 


d5)  The  path  7 Z5 


via  ^(^(©s)) 


7Ti  (/?*)  ■  1  ■  (l  ■  l)  (jTi  (/?*)  ■  l)  ■  1  ■  1 


7Ti  (/?*)  ■  (1  ■  1)  ■  1  7T!  (/?*)  ■  (1  ■  1)  ■  1 


e5)  The  path  S5 


1  ■  7TX  (/?,) 


TTl  (1  -  /?*) 


via  Zi,i  (1/9  J 


7Ti  (ft  ■  1) 

nfC8*)  ■  1 

f5)  The  path  05 


Of  course,  either  one  of  the  two  assumptions  r/i,  772  implies  a*  =  71-=  (ft).  Thus,  it  is  enough 
to  prove  our  goal  under  the  additional  assumption  £  :  ct*  =  7rf(ft).  But  now  we  can  perform  one¬ 
sided  path  induction  on  £,  which  replaces  a*  with  7^  (ft),  and  a  subsequent  path  induction  on 
ft.  It  now  suffices  to  show  the  following:  given  terms  d\  :  D .  e 1  :  E(d\)  and  1/1 ,  r/2  :  lj,  =  T/, , 
the  commutativity  of  the  diagram  on  the  left  implies  the  commutativity  of  the  diagram  on  the 
right: 


ldi  '  ldi 


via  771 


lrfi  "  lrfi 


Ldi  J-d  1 


via  772 


Ldi  J-di 


(!di)f  ei 


(!di)f  ei 


via  77 1 


(U)f  ei 


via  772 

E 


(U)*  ei 


In  particular,  we  note  that  the  path  ft  and  all  of  its  components  have  reduced  to  reflexivity  and 
the  paths  V\  and  V\  have  become  equal  to  i\\  and  i/2. 


As  observed  in  the  proof  of  lemma  101  for  any  u,v  :  a  —x  b  and  £  :  u  —  v,  the  following 
two  diagrams  commute: 


1  a  ■  u 

via  £ 

In 


u 


u  ■  lfe 
via  £ 

v  ■  1  h 


u 
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In  the  case  when  £  :=  r]i  and  v  :=  //2,  all  of  the  horizontal  paths  in  the  above  two  diagrams 
become  reflexivities;  hence  it  suffices  to  show  that  given  terms  d\  \  D,e i  :  E{df)  and  771,772  : 
lrfi  =  1  di,  the  equality  771  =  772  implies  the  commutativity  of  the  diagram  below: 


(U)f  ei 


via  771 


(U)f  ei 


via  r]2 


But  this  is  clear  and  we  are  done.  □ 

Corollary  106.  (FL)  For  any  algebra  X  :  WQAIgWj  ( A ,  B,  C ,  1,  r)  we  have 

isWQHInitWfe(A’)  -»  hasWQIndZ4(A’) 


provided  k  >  j. 

At  this  point,  the  main  theorem  [83] is  an  easy  corollary,  which  we  restate  here: 

Corollary  107.  (FL)  For  A,  C  :  Ui,  B  :  A  — >  Ui,  1,  r  :  C  — >  A,  the  following  conditions  on  an 
algebra  X  :  WQAIgWj  ( A ,  B,  C.  1,  r)  are  equivalent: 

•  X  satisfies  the  induction  principle  on  the  universe  Uk 

•  X  is  homotopy -initial  on  the  universe  Uk 

for  k  >  j.  In  other  words,  we  have 


hasWQInd^fc(A)  ~  isWQHInitWfe(A) 
provided  k  >  j.  Moreover,  the  two  types  above  are  mere  propositions. 


Proof  Using  corollaries  104  and  106  we  have  a  logical  equivalence  between  hasWQIndWj,(A) 


and  isWQHInitWfe(A’).  It  remains  to  show  that  both  of  these  types  are  mere  propositions.  The 


latter  is  a  mere  proposition  by  lemma  18  To  show  that  hasWQInd^  fVT)  is  a  mere  proposition, 


it  is  sufficient  to  do  so  under  the  assumption  that  it  is  inhabited.  Since  X  satisfies  the  induction 
principle,  by  lemma  [103]  it  satisfies  the  induction  uniqueness  principle.  This  means  that  for  any 
fibered  algebra  y,  the  type  WQFibMor  X  y  is  a  mere  proposition.  Since  taking  a  If  of  a  family 
of  mere  propositions  results  again  in  a  mere  proposition,  this  finishes  the  proof.  □ 

Furthermore: 

Corollary  108.  (Fi  +  WQ)  For  A,  C  :  Ui,  B  :  A  — »  Ui,  1,  r  :  C  — >■  A,  the  algebra 


WQ(A,  B ,  C,  1,  r),  point,  cell )  :  WQAIgw, (A,  B ,  C,  1,  r) 
is  homotopy -initial  on  any  universe  Uj. 
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3.4  Definability 

We  now  show  how  to  construct  the  circles  S  and  §,  type  quotients  A/R,  and  W-types  W(A.  B ) 
as  specific  W-quotients.  As  a  consequence,  we  derive  the  analogue  of  our  main  result  for  these 
higher  inductive  types  as  a  corollary  to  theorem[3]  The  interval  I  and  suspensions  £A  follow  the 
same  methodology. 

3.4.1  Homotopy-initiality  for  W-types 

In  this  section,  fix  A  :=  A,  B  :=  B,  C  :=  0  and  let  1,  r  :=  rec0(A),  i.e.,  the  canonical  function 
from  0  to  A. 

Lemma  109.  (PL)  We  have  a  function 

WQToWAIg  :  WQAIgw.(A,  B,  C,  1,  r)  ->•  \NA\gu.(A,B) 
which  is  an  equivalence. 

Proof.  This  follows  immediately  from  the  fact  that  for  any  A(l  :  WAIgw  (A,  B ),  we  have 

WAIgFam(A,  B,  C,  1,  r)  Xq  ~  1 


□ 


Lemma  110.  (PL)  For  an  algebra  X  :  WQAIgWj  (A,  B ,  C,  1,  r)  we  have  a  function 

WQToWFibAlg(A)  :  WQFibAlgWfc  X  -)•  WFibAIg^  (WQToWAIg  x'j 
which  is  an  equivalence. 

Proof.  Fix  an  algebra  (D,  d,  p)  :  WQAIgWj  (A,  B ,  C,  1,  r).  Then  WQToWAIg  (. D ,  d,  p)  is  just  the 
algebra  (. D ,  d).  The  desired  equivalence  follows  easily  since  for  any  X0  :  WFibAlgWfc  (I),  d),  we 
have 

WFibAlgFam  (D,  d,p)  X0  ~  1 

□ 


Lemma  111.  (PL)  For  algebras  X  :  \NQA\gUj  (A,  B,  C,  1,  r)  and  y  :  WQFibAlgWfc  X  we  have 

WQFibMor  X  y  ~  WFibMor  (^WQToWAIg  X^j  ^WQToWFibAlg(A)  y'j 

Proof.  Fix  algebras  (D,d,p)  :  WQAIgWj  (A,  B,  C,  1,  r)  and  (E,e,q)  :  WQFibAlgWi  ( D,d,p ). 
Then  WQToWAIg  (D,d,p)  is  the  algebra  ( D,d )  and  WQToWFibAlg(D,  d,p)  ( E,e,q )  is  the 
algebra  (E,e).  The  equivalence  follows  easily  since  for  any  p0  :  WFibMor  (D,d)  (E,e),  we 
have 

WFibMorFam  (D,  d,p)  (E,  e,  q)  /r0  ~  1 

□ 
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Corollary  112.  {PL)  For  algebras  X  :  WQAIgWj  ( A ,  B ,  C,  1,  r)  and  y  :  WQAIgWfc  ( A ,  5,  C,  1,  r) 
we  /save 

WQMor  *  y  ~  WMor  (WQToWAIg  x'j  (WQToWAIg 
Proof.  Using  lemma  [86}  □ 

Corollary  113.  {PL)  For  an  algebra  X  :  \NMgu.{A,  B )  we  have 

hasWReqjA”)  ~  hasWQRec^  (WQToWAIg-1^)) 
hasWlndWjb(#)  ~  hasWQIndWfc  (WQToWAIg-1^)) 
isWHInit^(A’)  ~  isWQHInitw*  (WQToWAIg-1^)) 

Corollary  114.  {PL)  For  A  :  Ui,  B  :  A  — >  Ui,  the  following  conditions  on  an  algebra  X  : 
WAIg^  (A,  B)  are  equivalent: 

•  X  satisfies  the  induction  principle  on  the  universe  Uk 

•  X  is  homotopy -initial  on  the  universe  Uk 
fork  >  j.  In  other  words,  we  have 

hasWlnd^fc(A’)  ~  isWHInitWfc(A’) 

provided  k  >  j.  Moreover,  the  two  types  above  are  mere  propositions. 

Corollary  115.  {PL  +  W)  For  A  :  Uit  B  :  A  —y  Ui,  the  algebra 

(w(A,fl),sup)  :  WAIg^AS) 

is  homotopy -initial  on  any  universe  Uj. 

3.4.2  Homotopy-initiality  for  The  Circle 

We  first  treat  the  S-case,  for  which  we  define  A,  C  :=  1,  B{—)  :=  0,  l(— )  :=  *,  r(— )  :=  *. 
Lemma  116.  {PL)  We  have  a  function 

S-To-WQ-AIg  :  S-Algw.  WQAIgWi(A  B,  C,  1,  r) 

which  is  an  equivalence. 

Proof.  This  follows  easily  from  the  observations  that  for  any  D  :  U,,  we  have  the  equivalence 

d  >  Aa:iAt:0-s.D^  ;  D  —  no:1(0  — >  D)  — >  D 
and  for  any  D  :Ui,  d  :  D,  we  have  the  equivalence 

p  \c,i\u:0^dK-.0^dP  :  d  =  d  ~  WAIgFam(A,  B,  C,  1,  r)  [d,  \a:1\t:0^Dd') 

□ 
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Lemma  117.  (FL)  For  an  algebra  X  :  S-AlgWi  we  have  a  function 

S-To-WQ-FibAlg(A’)  :  S-FibAIg^  X  ->•  WQFibAIg^  (S-To-WQ-AIg  x'j 
which  is  an  equivalence. 

Proof.  Fix  an  algebra  ( D,d,p )  :  S-FibAlgw_.  Let  ( D,d',p ')  S-To-WQ-AIg  ( D,d,p ).  Then 

d!  (a,  t )  :=  d 
p'(c,t,s)  :=p 

The  desired  equivalence  follows  easily  from  the  observations  that  for  any  E  :  D  ^  Un  we  have 
the  equivalence 

6  ^a:l\:0^D^u:(Ub:0)E(t  b)e  '■  E{d)  —  na-xlft-o-)-!)  (n b..0E(t  b ))  ->  E(d) 

and  for  any  E  :  D  — >■ Uj,e  :  E(d),  we  have  the  equivalence 

Q  ^  ^c:l^t:0^D^s:0^D^u:(nb:0)E(tb)^v:{Ub:0)E(sb)(l  ■ 

pf  (e)  —  e  ~  WFibAlgFam  (D,d',p’)  (e,  Xa:iK.o^DK.(,ub:0)E(tb)ej 

□ 

Lemma  118.  (H)  For  algebras  X  :  S-AIg^  and  y  :  S-FibAlgw  X  we  have 

S-FibMor  X  y  ~  WQFibMor  (S-To-WQ-AIg  x'j  (^S-To-WQ-FibAlg(T’)  y'j 

Proof.  Fix  algebras  ( D,d,p )  :  S-Algw,  and  (E,e,q)  :  S-FibAIg^  ( D,d,p ).  As  before,  we  let 
(. D,d’,p ')  :=  S-To-WQ-AIg  ( D,d,p ).  Then 

d'(a,  t )  :=  d 
P{c,t,s )  :=p 

Similarly,  let  ( E,e',q ')  :=  S-To-WQ-FibAlg(D,  d,p)  (E,e,q).  Then 

e' (a,  t )  :=  e 
q\c,t,s )  :=  q 

The  desired  equivalence  follows  easily  from  the  observations  that  for  any  /  :  1  Ix.jjE(x),  we  have 
the  equivalence 

P  l— '■  f(d)  —  e  —  Ua:1Ut,0^D(f(d)  =  e) 
and  for  any  /  :  Ux:DE(x),  /3  :  f(d )  =  e,  we  have  the  equivalence 

0  l— >  Ac:iAt;0-s.D-^s:0-5>D^  : 

dap f(p)  =  ap pe(P)  ■  q  ■  /T1  ^  WFibMorFam  (D,  d',p ')  (E,  e',  q')  (/,  \a*Xt:0-+Dp>) 

□ 
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Lemma  119.  (FL)  For  algebras  X  :  S-Algw.  and  y  :  S-AlgWj  we  have 

S-Mor  X  y  ~  WQMor  (S-To-WQ-AIg  x'j  (s-To-WQ-AIg  y) 

Proof.  Exactly  as  in  the  fibered  case.  □ 

Corollary  120.  (FI)  For  an  algebra  X  :  S-Algw.  we  have 

has-S-Rec^(A’)  ~  hasWQRec«.  (S-To-WQ-Alg(*)) 
has-S-lnd^(A’)  ~  hasWQInd^  (S-To-WQ-Alg(*)) 
is-S-Hlnit^(A’)  ~  isWQHInit^(S-To-WQ-Alg(A’)) 

Corollary  121.  (FI)  The  following  conditions  on  an  algebra  X  :  S-Algw.  are  equivalent: 

•  X  satisfies  the  induction  principle  on  the  universe  Uj 

•  X  is  homotopy -initial  on  the  universe  Uj 

for  j  >  i.  In  other  words,  we  have 

has-S-lnd^(A’)  ~  is-S-Hlnit^.(A’) 

provided  for  j  >  i.  Moreover,  the  two  types  above  are  mere  propositions. 

Corollary  122.  (Ft  +  S)  The  algebra 

(S,  base,  loop)  :  S-AlgWo 

is  homotopy -initial  on  any  universe  U,. 

Corollary  123.  (Ft)  The  following  conditions  on  an  cdgebra  X  :  §-Algw.  are  equivalent: 

•  X  satisfies  the  induction  principle  on  the  universe  Uj 

•  X  is  homotopy -initial  on  the  universe  Uj 

for  j  >  i.  In  other  words,  we  have 


has-S-Ind^.  (X)  ~  is-S-HInit^.  (X) 
provided  for  j  >  i.  Moreover,  the  two  types  above  are  mere  propositions. 

Proof.  Using  corollary  [60}  □ 

Corollary  124.  (Ft  +  §)  The  cdgebra 

(S,  north,  east,  west  )  :  §-AlgWo 
is  homotopy -initial  on  any  universe  Ui. 
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3.4.3  Homotopy-initiality  for  Type  Quotients 

For  a  type  quotient  A/R,  define  A  :=  A,  B(-)  :=  0,  C  ■—  Eaib:AR(a,  b ),  1  :=  7 r1?  r  :=  tti  o  ^ r2. 
Lemma  125.  (PL)  We  have  a  function 

TQToWAIg  :  TQAIg U.(A,R)  WQAIgw.(A  B,  C,  1,  r) 

which  is  an  equivalence. 

Proof.  This  follows  easily  from  the  observations  that  for  any  D  :  Uj,  we  have  the  equivalence 
d  H y  Xa-,A_Xt:o^Dd(a)  :  A  — )•  D  —  IIa;j4(0  — >  D)  —>  D 
and  for  any  D  :  Uj,  d  :  A  D,  we  have  the  equivalence 

P  ^  Xc:(£a,b-.A)R(a,b)Xu:O^DXV;O^Dp(ni(c),  7Ti(7T2(c)),  7T2(7r2(c))  j  : 

nn,b;^-R(a,  6)  —S-  (d(a)  =  d(b))  ~  WAIgFam(A,  B ,  C,  1,  r)  Aa:^At:0^D^(a)) 

□ 

Lemma  126.  (PL)  For  an  algebra  X  :  T QAIg^(  ( A ,  /?,)  we  /lave  a  function 

TQToWFibAlg(T’)  :  TQFibAlgWfc  X  WQFibAIg^  ^TQToWAIg  w) 

which  is  an  equivalence. 

Proof.  Fix  an  algebra  ( D,d,p )  :  TQAIg^  (A,  f?).  Let  ( D,d!,p ')  TQToWAIg  ( D,d,p ).  Then 

cf(a,  t)  :=  d(a) 

p'(c,  t,  s )  :=  p (711(c),  ^(^(c)),  7r2(7r2(c))j 

The  desired  equivalence  follows  easily  from  the  observations  that  for  any  E  :  D  ^  Uk,  we  have 
the  equivalence 

e  •— >  Xa:AXt:o^DXu:(nb:0)E(t  b)e(a)  ■  Ba.A E(d(a))  —  na.^nt.o_5.z)  (n b..0E(t  b ))  -)•  E{d{a)) 
and  for  any  E  :  D  — s-  Uj,  e  :  Ua:AE(d(a)),  we  have  the  equivalence 

Q  ^  Xc:(Ea,b:A)R(a,b)Xt:0^DXS:0^DXu:(Jlb-.0)E(t  b)Xv:(Ub:0)E(s  b)<l(^l(c),  ^(^(c)),  7T2(7T2(c))  j  ! 

Ba^AHz:R^b)  (p(a,  b ,  z) f  e(a)  =  e(6))  ~ 

WFibAlgFam  (. D,d',p ')  (^E,  Xa:AXf.o^DXu:(ub:0)E(tb)e(a)j 

□ 
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Lemma  127.  (PL)  For  algebras  X  :  TQAIgWj .(A,  R)  and  y  :  TQFibAlgWfc  X  we  have 
TQFibMor  X  y  ~  WQFibMor  (TQToWAIg  X^j  (TQToWFibAlg(W)  y) 

Proof.  Fix  algebras  ( D,d,p )  :  TQAIgw.(A,  i?)  and  (E,e,q)  :  TQFibAlgWfc  ( D,d,p ).  As  before, 
let  ( D,d',p ')  :=  TQToWAIg  ( D,d,p ).  Then 

d'(a,  t )  :=  d(a) 

p'(c,  t,  s )  :=  p  (711(c),  ^(^(c)),  7r2(7r2(c))j 

Similarly,  let  ( E,e',q ')  :=  TQToWFibAlg(Z7,  d,p)  ( E,e,q ).  Then 

e'(a,  f)  :=  e(a) 

q'(c,t,s,u,v )  :=  g(7r1(c),7r1(7T2(c)),7r2(7r2(c))) 

The  desired  equivalence  follows  easily  from  the  observations  that  for  any  /  :  I  lx:oE(x),  we  have 
the  equivalence 

P  ^  Aa:y4Af:o->D/3(a)  :  na:A(/(d(a))  =  e(a))  ~  no:^nt;0-^u(/(d(a))  =  e(a)) 
and  for  any  /  :  na,.D£,(x),  ft  :  na:A(/(d(a))  =  e(a)),  we  have  the  equivalence 

0  I— )■  Ac:(Ea,&:A)ft(a,&)Af:0— >dAS;0^D$(7Ti(c),  7Ti(7T2(c)),  7T2(7T2(c))  j  : 

naife:An,./j(aib)  (dapy(p(a,  5,  2))  =  app(aiMs(/3(a))  ■  q(a,  b,  z)  ■  /?(&)_1)  ~ 

WFibMorFam  (D.dfj/)  (E,e',q')  (/,  Xa:AXt:0^DP(a)) 

□ 

Lemma  128.  (Tf)  For  algebras  X  :  T QAIg^.  (A,  f?)  and  ^  :  T QAIgWfc  (A,  R )  we  /rave 
TQMor  T  J  ~  WQMor  (^TQToWAIg  X^j  (TQToWAIg 
Proof.  Exactly  as  in  the  fibered  case.  □ 

Corollary  129.  (FI)  For  an  algebra  X  :  TQAIgw  (A,  R)  we  have 

hasTQRecWfc(A)  ~  hasWQRec^  (TQToWAIg(A’)j 
hasTQIndWfc(W)  ~  hasWQInd^  (TQToWAIg(A’)  j 
isTQHInit%(W)  ~  isWQHInit%(TQToWAIg(W)) 
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Corollary  130.  (Ft)  For  A  :  U,,  R  :  A  — >•  A  — >•  U,,  the  following  conditions  on  an  algebra 
X  :  T QAIg^  {A,  R)  are  equivalent: 

•  X  satisfies  the  induction  principle  on  the  universe  Up, 

•  X  is  homotopy -initial  on  the  universe  Uk 
for  k  >  j.  In  other  words,  we  have 

hasTQIndWfc(A’)  ~  isTQHInit^^) 

provided  k  >  j.  Moreover,  the  two  types  above  are  mere  propositions. 

Corollary  131.  (FL  +  /)  For  A  :  Uiy  R  :  A  — >  A  — >•  Ui,  the  algebra 

(a/R,  H,c)  :  TQAIgw.  (j4,  R) 

is  homotopy -initial  on  any  universe  Ur 
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Homotopy-initiality  for  Further  Higher 
Inductive  Types 


As  we  saw  in  the  previous  chapter,  all  the  higher  inductive  types  described  in  section  2.4  are 
special  cases  of  W-quotients  and  as  such  admit  a  simple  characterization  as  homotopy-initial 
algebras  of  a  certain  form.  A  natural  question  to  ask  at  this  point  would  be  whether  we  can 
characterize  all  higher  inductive  types  in  a  similar  fashion.  As  of  now,  this  is  not  a  mathemat¬ 
ically  precise  statement  because  homotopy  type  theory  does  not  yet  have  a  universally  agreed- 
upon  definition  of  what  a  higher  inductive  type  should  be  (although  recent  unpublished  work 
by  Lumsdaine  and  Shulman  offers  significant  progress  in  this  direction).  Instead,  one  generally 
works  with  specific  examples  that  everybody  agrees  are  well-behaved  higher  inductive  types, 
such  as  the  ones  we  saw  in  section  IZ4l 

In  this  chapter  we  will  study  two  further  classes  of  higher  inductive  types  -  truncations  (chap¬ 
ters  6.9  and  7.3  of  tf33lf  and  set/groupoid  quotients  (chapters  6.10  and  9.9  of  Q3l)  and  show 
that  they  too  can  be  characterized  as  appropriate  homotopy-initial  algebras.  The  proof  we  give 
for  truncations  is  not  a  corollary  of  our  main  theorem  83  since  truncations  do  not  arise  as  W- 
quotients  in  an  obvious  way,  the  way  a  type  quotient  or  a  W-type  does.  Recent  work  by  Rijke 
and  van  Doom  f[36l  shows  that  truncations  can  in  fact  be  recovered  from  type  quotients  (and 
hence  from  W-quotients)  but  the  reduction  is  highly  nontrivial.  On  the  other  hand,  we  present 
the  reduction  of  groupoid  (and,  rather  trivially,  set)  quotients  to  W-quotients  plus  truncations 
(which  by  Rijke’s  result  implies  a  reduction  to  W-quotients  themselves)  in  this  section  as  a  new 
result  and  derive  the  analogue  of  theorem [83] for  set  and  groupoid  quotients  as  a  consequence  of 
this  reduction.  We  also  remark  that  while  the  definition  of  a  group  quotient  as  a  higher  inductive 
type  appears  in  031  (chapter  9.9,  page  333),  the  associated  recursion  and  induction  rules  are  not 
described  in  the  book  and  hence  we  give  our  own  version  here. 
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4.1  Homotopy-initiality  for  Truncations 


4.1.1  Truncations 

The  7i-truncation  ||A||n  of  a  type  A  for  n  >  —2  should  intuitively  be  the  “best  approximation” 
of  A  by  an  n-type.  For  n  :=  —2,  the  only  choice  is  of  course  the  unit  type  1.  For  n  :=  —  1, 
we  could  define  |  |  A|  |_i  to  be  the  higher  inductive  type  generated  by  the  point  constructor  |  •  |  : 
A  — »  1 1  A||_i,  and  a  path  constructor  ensuring  that  the  resulting  higher  inductive  type  will  indeed 
be  a  mere  proposition,  for  example  t  :  (II x,y  :  ||t4||_1)(x  =  y).  For  n  :=  0,  we  would 
modify  the  path  constructor  to  t  :  (Hx,y  :  | \A\ |0)  (lip,  q  :  x  —  y)(p  —  q),  for  n  :=  1  to 
t  :  (IF v,y  :  p||i)(llp,g  :  x  =  y)  (II7,  8  :  p  —  q)  (7  =  6)  and  so  on.  Clearly,  this  does  not 
scale  very  well  to  higher  n ;  in  fact,  even  for  n  :=  1  the  associated  induction  principle  is  too  ugly 
to  write  down.  Instead,  we  will  describe  /i-truncations  compactly  by  using  n-sphcres,  exactly  as 
done  in  [f33l .  although  our  motivation  and  subsequent  justification  will  be  slightly  different. 

Since  we  will  be  working  with  n-sphcrcs,  let  us  remind  ourselves  of  the  following  universal 
properties  of  suspensions,  whose  proofs  are  simple  exercises: 

Lemma  132.  {%  +  S)  For  any  A,  D  \Ui  we  have 

Y1A  — y  D  —  Fjn  s:£)A  — y  ( n  =  s) 

Proof.  The  equivalence  is  given  by  the  following  quasi-inverses: 

./'  ^  (/(N),/(S),Aa:^ap/(mer(a))) 

(n,  s,  m)  i-T-  recvAp,  n,  s,  m ) 


Lemma  133.  (PI  +  E)  For  any  A  :  Ui,  E  :  A  —y  Ui,  we  have 

n  x:t.AE(x)  ~  Sn:E(N)Ss:E(S)na:A(mer(a)f  (n)  =  s) 

Proof.  The  equivalence  is  given  by  the  following  quasi-inverses: 

/  (/(N)>  /( S),  Aa:AdaP/(mer(a))) 

(■ n,s,m )  t-7  \nd-£ a(E,  n,  s,m) 


□ 


□ 

Our  next  goal  is  to  establish  a  different  characterization  of  n-types,  for  n  >  —1,  as  precisely 
those  types  A  :  Ui  for  which  any  function  /  :  Sn+1  — *  A  is  constant  up  to  propositional  equality 
(see  ED  on  various  notions  of  “constant”  maps): 

Definition  134.  A  function  f  :  A  —>  B  is  said  to  be  homotopy-constant  if  it  is  propositionally 
equal  to  a  constant  function: 


HConst(/)  :=  Xb:BHa:A(f  (a)  =  b ) 
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Lemma  135.  (PL  +  Tf)  For  any  n  :  N  and  f  :  Sn  — >  A,  we  have 

HConst(/)  ~  HConst((Ax  :  Sn_1)apy(mer(x))) 
Proof.  We  have  the  following  chain  of  equivalences: 


HConst(/) 

=  (Ea  :  A)  (Ux  :  S n){f{x)  =  a) 

(2)  ~  (Ea  :  A)  (Ea  :  /(N)  =  a)  (EA  :  /(S)  =  a)  (Ila  :  S"-1)  (mer!x)(  =  ,'jj 

(3)  ~  (Ea  :  /t)  (Ea  :  f(N)  =  a)  (E/3  :  /( S)  =  a)  (Ilx  :  S”"1)  (ap,(mer(i))  =  a  ■  A“'j 

O!  (Er  :  Evu/n  =  /(W)))  (EA  :  /( S)  =  7Ti(r))  (III  :  S”_1)  fap,(mer(r)j  =  ir2(r)  ■  A-1) 

(5)  ~  (E^:/(S)=/(N))(ni;S”-I)(ap/(mer(i))  =  l/,N|-rI) 

-  (S/3  :  /(N)  =  /( S))  (IIz :  S’-)  (ap/mer^))  =  1/(N)  •  a) 

-  (S/3  :  /(N)  —  /(S))  (ni :  S’— )  (ap/merW)  =  a) 

=  HConst((Ax  :  Sn_1)ap^(mer(x))) 


The  second  equivalence  follows  from  lemma  133  the  third  by  a  suitable  generalization  and  path 
induction  on  mer(x),  and  the  fifth  from  the  fact  that  the  type  Ea:A(a  =  /(N))  is  contractible  with 
the  center  of  contraction  (/(N),  1  /(n))  -  □ 

Lemma  136.  (PL  +  E)  For  any  n  :  N  and  A  :  IA;,  we  have 


(n /  :  Sn  -)■  A)  HConst(/)  ~  (ila,  b  :  A)  (Uf  :  S””1  ->•  (a  =  b ))  HConst(/) 


Proof.  We  have  the  following  chain  of  equivalences: 

(n /  :  Sn  ->■  A)  HConst(/) 

-  (nr  :  Sa)6:ASn_1  (a  =  &))  HConst(recSn  (A,  7Ti(r),  7Ti(7r2(r)),  7r2(7r2(r)))) 

~  (no,  b  :  A)  (Uf  :  S71-1  ->  (a  =  b))  HConst  (recSn  (A,  a,  b,  /)) 

~  (na,  b  :  n)  (n/  :  S”-1  ->  (a  =  6))  HConst(/) 

Here  the  first  equivalence  follows  from  lemma  [132]  and  the  third  from  lemma [T35|  □ 

Corollary  137.  (PL  +  E)  For  any  n  :  N  and  A  :  U%,  we  have 

(n /  :  S”  — »  A)  HConst (/)  ~  is-(n  —  l)-type(Al) 

Proof.  By  induction  on  n.  For  the  base  case,  we  have  is-(— l)-type(zl)  ~  isProp(a4)  and 

(Uf  :  S°  -)•  A)  HConst(/)  ~  (na,  b  :  A)  (Uf  :  0  ->■  (a  =  b ))  HConst(/) 
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by  lemma [T36|  For  any  a,  b  :  A,  we  have 

n/:0^(a=b)  HConst(/) 

=  n/:0^(a=b)  5Jp:a=bHX:o(f  (%)  P) 

-  11  f:0->(a=b)  (a  =  b ) 

~  (a  =  b) 

This  finishes  the  base  step;  the  inductive  step  follows  easily  from  lemma [T36]  □ 

We  are  now  ready  to  formally  define  truncations.  For  n  :  N  and  a  type  A  :  Ui ,  we  define 
the  truncation  ||A||„_2  :  Ui  by  case  analysis  on  n.  For  n  :=  0,  we  put  ||A||_2  :=  1.  For  the 
successor  case,  just  like  in  chapter  7.3  of  ll33ll  we  define  |  \A\ |„_i  :  U  to  be  the  higher  inductive 
type  generated  by  the  constructors 

|  '  |n— 1  :  A  — >■  ||A|  |n-t 

hub  :  (Sn  — >■  ||A||n_i)  — >•  |  |A|  |n— i 
spoke  :  (Hr  :  Sn  — >  |  |>l|  |n_!)  (ila;  :  S n)(r(x)  =  hub(r)) 

The  recursion  principle  for  truncations  1 1  A\  |n_!  says  that  given  terms 

•  E  :  Uj, 

•  e  :  A^  E, 

•  h  :  (Sn  E)  -)■  E, 

•  s  :  Uu.,Sn^EUx:Sn(u{x)  =  h(u)), 

there  is  a  recursor  rec||.||  (E,  e,  h,  s )  :  ||  A\ |re_i  — »  E.  The  recursor  satisfies  the  following  compu¬ 
tation  laws: 

•  rec|f.||(|a|„_i)  =  /(a)  for  any  a  :  A, 

•  rec||.||(hub(r))  =  /;(rec  o  r)  for  any  r  :  Sn  — >  1 1^4| l^—i, 

•  apreC||  |(spoke(r,  x))  is  equal  to  the  path  below  for  any  r  :  Sn  — *  [|j4||n_i,x  :  Sn,  where 
equality  (1)  uses  the  computation  rule  for  the  hub  constructor: 

sfrecrui  o  r,  x)  (1) 

rec|M|(r(V))  - h(recMor)  - reC|M|(hub(r)) 

As  we  see,  the  computation  law  for  the  hub  constructor  is  propositional  rather  than  defini¬ 
tional.  There  is  little  incentive  for  stating  it  definitionally;  the  hub  and  spoke  constructors  only 
serve  to  ensure  that  1 1  A\ |n_!  is  indeed  an  (n  —  l)-type  and  are  not  intended  for  purposes  of  com¬ 
putation.  Furthermore,  the  propositional  form  of  the  above  law  will  turn  out  to  be  quite  useful, 
as  we  will  see  shortly. 

The  induction  principle  says  that  given  terms 

•  E  :  1 1 A |  |n_!  — >  Uj, 

•  e  .  Tla,AE(\a\n-i), 
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•  h:(Ur:Sn^  p||n_i)  (na:S»£(r(x)))  E(hub(r)), 

•  s  :  (Ur  :  Sn  — »  ||A||n_1)(llM  :  nx:Sn£^(r(a;)))  (iTr  :  Sn)  (spoke(r,  x)f  u(x)  =  h(r,u )), 

there  is  an  inductor  ind||.ii(£?,  e,  h,  s )  :  Ux.\\A\\n_1E(x).  The  inductor  satisfies  the  computation 
laws 

•  ind||,||(|a|n_i)  =  e(a )  for  any  a  :  A, 

•  ind||.||(hub(r))  =  h(r,  ind||.||  o  r)  for  any  r  :  Sn  — >  ||/L||„_i, 

•  dapind|  ^  (spoke(r,  x))  is  equal  to  the  path  below  for  any  r  :  Sn  — >  ||/L||n_i,x  :  S™,  where 
equality  (1)  uses  the  computation  rule  for  the  hub  constructor: 

s(r,  ind||.||  o  r,  x)  (1) 

spoke(r,x)f  (ind||.||(r(x)))  - h(r.  \nd  .y  or)  - ind|M|(hub(r)) 

Before  we  proceed  further,  we  establish  a  couple  of  technical  lemmas: 

Lemma  138.  (' H  +  E)  For  any  n  :  N  and  f  :  Sn_1  — >■  A,  we  have 

is-(n  —  2)-type(/L)  — >•  isContr(HConst(/)) 

Proof.  By  induction  on  n.  For  the  base  step,  assume  A  is  contractible.  Then 

HConst  (/)  =  Ea:Anx:0(f(x )  =  a)  ~  A 

is  also  contractible.  The  inductive  step  follows  easily  from  lemma [135}  □ 

Lemma  139.  (FI  +  E)  For  any  n  :  N  and  D  :  U3  we  have 

(Eh:  (Sn  ->■  D)  -)•  D)(Uu:Sn  -)•  D)(lLx  :Sn)(u(x)  =  h(u))  ~  is-(n  -  l)-type(D) 

Proof.  We  have  the  following  chain  of  equivalences: 

(Eh  :  (Sn  —)■  D)  —)■  D)  (Uu  :  Sn  D)  (Ux  :  Sn)  {u(x)  =  h(u )) 

~  (flu  :  Sn  ->  D)  (Ed  :  D)  (ilx  :  Sn)(u(x)  =  d) 

=  (Uu  :  Sn  D)  HConst(w) 

~  is -(n  —  l)-type(D) 

□ 


Lemma  140.  (PL  +  E)  For  any  n  :  N  and  terms 

•  D  :  Ujt 

•  h  :  (Sn  D)  ->  D, 

•  s  :  (IIm  :  Sn  — »  D)  (Fix  :  Sn)(u(x )  =  h(u)), 

•  E  :  D  — >  IA]~, 
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the  type 


(&;  :  (nr  :  S”  D)(Ux:SnE(r(x)))  E(h(r)fj 

(Ur  :  Sn  ->  D )  (Uu  :  Ux:SnE(r(x)))  (Ux  :  S'1)  (s(r,x) f  u(x)  =  i(r,u )) 

/.s'  equivalent  to 

(n y  :  D)  is -(n  -  l)-typ e(E(y)) 

Proof.  The  former  type  is  clearly  equivalent  to 

(nr  :  Sn  ->  D)  (nu  :  Ux:SnE(r(x)))  (Ei  :  E(h(r)))  (nx  :  Sn)  (s(r,x) f  u(x)  =  i ) 

Furthermore,  for  any  r  :  S"  — *  D,  the  types  1  \:ns„E(r(x))  and  S"  — >  E(h(r))  are  equivalent, 
via  the  quasi-equivalences 

u  Aa::sn(s(r,x)f  u(x)) 
u  \x^(s{r,x)*E  tt(x)) 


Hence  we  have 

(n-r  :  Sn  ->•  D)  (Uu  :  Ux:SnE(r(x)))  (Ei  :  E(h(r)))  (nr  :  Sn)  (s(r,  x)  J  u(x)  =  i) 

~  (nr  :  Sn  -)•  £>)  (nu  :  Sn  £(/z(r)))  (Ei  :  £(/i(r)))  (nx  :  Sn)  («(x)  =  i) 

=  (Hr  :  Sn  D)  (Uu  :  Sn  -)•  E(h(r)))  HConst(w) 

~  (nr  :  Sn  — >  D)  is-(n  —  l)-type(f7(/r(r))) 

where  the  last  equivalence  follows  from  corollary  |137|  Finally,  it  is  not  hard  to  see  that 

(Hr  :  Sn  — >  D)  is -(n  —  l)-typ e(E(h(r)))  ~  (nr/  :  D)  is-(n  —  l)-type(77(r/)) 

To  show  this,  we  first  note  that  both  types  are  mere  propositions.  Furthermore,  the  latter  clearly 
implies  the  former.  To  show  the  converse,  take  any  y  :  D  and  define  r(x)  :=  y.  Then  we  get 
is-(n  —  l)-typ e(E(h(r))).  Now  we  have  spoke(r,  N)  :  y  —  h(r ),  hence  E{y)  =  E{h{r ))  and  in 
particular  is-(n  —  l)-typ e(E(y))  as  desired.  □ 

Lemma  141.  (H  +  E)  For  any  n  :  N  and  terms 

•  D  :  Ujt 

•  h  :  (Sn  ->  D)  ->  D, 

•  s  :  (n«  :  Sn  — *  D)  (nx  :  Sn)(u(x)  =  h(u )), 

•  E  :  D  — >  Uk, 

•  i:  (Ur  :  Sn  -»■  D)  (n  x^E(r(x)))  ->  £(/i(r)), 

•  t  :  (nr  :  Sn  — *  D)  (nit  :  na;.SnF/(r(x)))  (nx  :  Sn)  (s(r,  x)f  u(x)  =  i(r,u )), 

•  / :  n x:DE(x), 
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the  type 


(S7  :  (nr  :  Sn  D)  ( f(h(r ))  =  i(r,  /  or))) 

(nr  :  Sn  — >■  D)  (no:  :  Sn)  ^dap^(s(r,  x))  =  t(r,  f  o  r,  x)  ■  7(r)_1) 

is  contractible. 


Proof.  It  is  not  hard  to  see  that  the  type  in  question  is  equivalent  to 

(n-r  :  Sn  — »  D)  (E7  :  f(h(r ))  =  i(r,  f  o  r))  (nx  :  S")  (dap  f(s(r,  x))  =  t(r,  f  o  r,  x)  ■  7_1) 


which  in  turn  is  equivalent  to 

(n-r  :  Sn  — »  D)  (E7  :  f(h(r))  =  i(r,  f  o  r))  (nx  :  Sn)  ^dap^(s(r,  x))^1  ■  t(r,  f  o  r,  x)  =  7) 

This  is  definitionally  the  same  as 


(nr  :  Sn  -)•  D)  HConst((Ax 


Sn)dap/(s(r,x))  -t(r,for,x) 


Using  lemma  140,  we  see  that  the  pair  (i,t)  implies  that  each  fiber  of  E,  and  in  particular 


E(h(r)),  is  an  (n  —  l)-type.  Hence  f(h(r ))  =  i(r,  for )  is  also  an  (n  —  l)-type.  From  lemma  138 
we  can  thus  conclude  that  our  type  is  contractible  as  desired.  □ 


Lemma  142.  (fH  +  E)  For  any  n  :  N  and  terms 

•  D  :  Uj, 

•  h  :  (Sn  ->  D)  -y  D, 

•  s  :  (n«  :  Sn  — >  D)  (nx  :  S")(m(x)  =  h(u)), 

•  E  :  Uk, 

•  i  :  (Sn  -)•  E)  ->•  E, 

•  t  :  (Hu  :  Sn  — »  E)  (nx  :  Sn)(u(x)  =  i(u)), 

•  f:D->E, 
the  type 

(S7:  (nr:  Sn  ^  D)  (/(%))  =  i(f  or))) 

(nr  :  S”  — >  D)  (nx  :  Sn)  ^ap f(s(r,  x))  =  t(f  o  r,  x)  ■  7(r)_1) 

/.s’  contractible. 


Proof.  Exactly  as  in  the  fibered  case,  we  show  that  the  type  in  question  is  equivalent  to 


(nr  :  Sn  — »  U)  HConst^(Ax  :  Sn)ap^(s(r,  x))  1‘t(for,  x)) 


By  lemma [l39| 
is  also  an  (n  — 
desired. 


we  see  that  the  pair  (/,  t)  implies  E  is  an  (n  —  l)-type.  Hence  f(h(r))  =  i(f  o  r) 
l)-type.  From  lemma |138|  we  can  thus  conclude  that  our  type  is  contractible  as 

□ 
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Lemmas  139,  140,  141 


142  show  that  the  (n  —  1) -truncation  of  A 
equivalently  presented  as  a  type  |  \A\  |n_i  :  U,  endowed  with  constructors 


Uj  for  n  :  N  can  be 


n—i  '■  A  y  |  |A|  |n_i 

tr  :  is-(n  -  l)-type(||A||n_i) 


such  that  that  given  terms 

•  E  :  Uj, 

•  t  :  is -(n  —  2)-type(£’), 

•  e:  A->  E, 

there  is  a  recursor  rec|pj| (£7,  t,  e )  :  |  \A\ |n_i  — >•  E  satisfying  the  computation  law 

•  rec||.||(|a|„_i)  =  e(a)  for  any  a  :  A, 
and  for  any  terms 

•  E  :  1 1 -A |  |n-i  Uj, 

•  t  :  Uy,D\s-(n  -  2)-typ e(E(y)), 

•  e  .  Yla:j^E ( |ci |n— i ) » 

there  is  an  inductor  ind||.|j(£7,  t,  e)  :  n2..||J4||n_1£,(x)  satisfying  the  computation  law 

•  ind|j,||(|a|ri_i)  =  e(a)  for  any  a  :  A. 

We  are  now  ready  to  define  truncation  algebras  and  morphisms.  We  note  that  the  definitions 
presented  also  subsume  the  case  of  —2: 

Definition  143.  For  n  :  N,  A  :  U,,  let  the  type  of  truncation  algebras  on  a  universe  Uj  be 

TrA|g Uj{niA)  '■=  ^D-.ufs-(n  -  2)-typ e(D)  x  (A  D) 

Definition  144.  For  an  algebra  X  :  TrAIg^  (n,  A),  define  the  type  of  fibered  truncation  algebras 
over  X  on  a  universe  Uk  by 

TrFibAlgWfe  (. D,  -,d )  :=  T,E:D^Uk(lly:D\s-(n  -  2)-typ e(E(y))^  x  (n a:AE(d(a))) 

Definition  145.  For  algebras  X  :  TrAIg u  (n,A)  and  y  :  TrAlgWfe(n,  A),  we  define  the  type  of 
truncation  morphisms  from  X  toy  by 

TrMor  (D,  d )  (E,  e)  :=  T,f:D^,EUa:A(f(d(a))  =  e(a)) 

Definition  146.  For  algebras  X  :  TrA|g^  (n,  A)  and  y  :  TrFibAIg^,  X,  define  the  type  of  fibered 
truncation  morphisms  from  X  toy  by 

TrFibMor  (D,  d)  (E,  e)  :=  Zf:(nx:D)E(x)Ra:A(f(d(a))  =  e(a)) 

As  before,  we  can  define  the  recursion  and  induction  principles,  the  associated  uniqueness 
principles,  and  homotopy-initiality. 
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Definition  147.  An  algebra  X  :  Jr/K\gu.  in.  A)  satisfies  the  recursion  principle  on  a  universe  U\: 
if  for  any  algebra  y  :  TrAlgWfc  there  exists  a  morphism  from  X  to  y: 

hasTrReq4(A’)  :=  (uy  :  TrAlgw>,  4))  TrMor  X  y 

Definition  148.  An  algebra  X  :  TrAlgw  (n,  A)  satisfies  the  induction  principle  on  a  universe  Uk 
if  for  anyfibered  algebra  y  :  TrFibAlgWfc  X  there  exists  afibered  morphism  from  X  to  f': 

hasTrlnd^(A’)  :=  (uy  :  TrFibAlgWfe  x')  TrFibMor  y 

Definition  149.  An  algebra  X  :  TrAIg w  (n,  A)  satisfies  the  recursion  uniqueness  principle  on  a 
universe  Uk  if  for  any  algebra  y  :  TrAlgWfc(n,  A)  the  type  of  morphisms  from  X  to  y  is  a  mere 
proposition: 


hasTrRecUniqWfe(A?)  :=  (^IIT  :  TrAlgWfe(n,  A)  j  isProp(TrMor  X  y) 

Definition  150.  An  algebra  X  :  TrAIg w  (n,  A)  satisfies  the  induction  uniqueness  principle  on  a 
universe  Uk  if  for  anyfibered  algebra  y  :  TrFibAlgWfc  X  the  type  of  morphisms  from  X  toy  is  a 
mere  proposition: 

hasTrlndllniqWfc(A')  :=  :  TrFibAlgtyfc  x'j  isProp(TrFibMor  X  y) 

Definition  151.  An  algebra  X  :  TrAIg^  (n.  A)  is  homotopy-initial  on  a  universe  Uk  if  for  any 
other  algebra  y  :  TrAlgw  (A.  n)  the  type  of  morphisms  from  X  toy  is  contractible: 

isTrHlnit^fc(T’)  :=  :  TrAlgWfc(n,  A)  j  isContr(TrMor  X  y) 
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4.1.2  Homotopy-initiality  for  Truncations 

We  aim  to  show  the  following  analogue  to  our  main  theorem  for  W-quotients: 

Theorem  152.  (PL)  For  n  :  N,  /I  :  U,,  the  following  conditions  on  an  algebra  X  :  TrAlg^(n,  A) 
are  equivalent: 

•  X  satisfies  the  induction  principle  on  the  universe  Uk 

•  X  is  homotopy -initial  on  the  universe  Uk 

for  k  >  j.  In  other  words,  we  have 

hasTrlndi4(A’)  ~  isTrFHnit^fW) 

provided  k  >  j.  Moreover,  the  two  types  above  are  mere  propositions. 

In  principle,  one  could  recover  the  characterization  of  truncations  as  homotopy-initial  alge¬ 
bras  from  the  recently-discovered  conjectured  reduction  of  truncations  to  type  quotients,  due  to 
Rijke  and  van  Doom  Il36l.  and  our  main  theorem  for  W-quotients.  However,  at  this  point  this  is 
not  needed  due  to  the  work  done  in  the  previous  section,  where  we  “polished  up”  the  definitions 
of  truncation  algebras  and  morphisms  to  the  degree  that  most  of  the  proofs  are  now  straightfor¬ 
ward. 

Lemma  153.  For  an  algebra  X  :  TrAlg^n,  A)  we  have 

isTrHlnit^fc(W)  ~  hasTrRec^fe(W)  x  hasTrRecUniq^W) 

Lemma  154.  For  an  algebra  X  :  TrAlg^n,  A)  we  have  a  function 

TrAlgToFibAlg^(W)  :  TrAlgw>,  A)  TrFibAlgWfc  W 

Proof  Fix  algebras  ( D,p,d )  :  TrAIg^  (n,  A)  and  ( E,q,e )  :  TrAlgWfc(n,  A).  We  turn  ( E,q,e ) 
into  the  desired  fibered  algebra  ( E q',  e ')  :  TrFibAIg^.  ( I) .  p,  d)  in  the  expected  way  by  defining 
E'(x)  :=  E,  q\y )  :=  q,  e'(a)  :=  e(a).  □ 

Remark  155.  We  note  that  for  any  algebras  X  :  TrAIg^  (n,  A)  and  y  :  TrAIg  Uk{n,  A)  we  have 

TrMor  Xy  =  TrFibMor  W  (^TrAlgToFibAI&4(W) 

Lemma  156.  For  any  algebra  X  :  TrAlg^(n,  A)  we  have 

hasTrlndWfc(W)  hasTrRecWfc(W) 

Lemma  157.  For  any  algebra  X  :  TrAIg^.  (n,  A)  we  have 

hasTrlndllniqi4(W)  — >  hasTrRecUniqWfe(W) 

The  notion  of  a  truncation  cell  is  now  particularly  simple,  since  the  morphisms  have  no  higher 
dimensional  computation  rules: 
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Definition  158.  For  algebras  X  :  TrAlgWj  (n,  A),  y  :  TrFibAIg Uk(n,A)  X,  and  fibered  mor- 
phisms  p,  v  :  TrFibMor  X  y,  define  die  type  of  fibered  truncation  cells  from  p  to  v  by 

TrFibCell  (. D,p,d )  ( E,q,e )  (f,P)  (g,  7)  :=  T,a:f^gTla:A  (a(d(a))  =  /3(a)  -7(a)-1) 


Pictorially,  the  second  component  of  a  fibered  truncation  cell  witnesses  the  commutativity  of 
the  following  diagram  for  any  a: 


f(d(a)) 


a(d(a)) 


g(d{a)) 


/3(a,t) 


7  (a,t) 


e(a) 


Definition  159.  For  algebras  X  :  TrAIg u  (n,A),  y  :  TrAIg Uk(n,A),  and  morphisms  p,u  : 
TrMor  X  y,  define  the  type  of  (n  —  l)-truncation  cells  between  p  and  v  by 


TrCell  Xy  p  v  :=  TrFibCell  X  (jrAlgToFibAlgWfe  y'j  p  u 


Lemma  160.  (FL)  For  algebras  X  :  TrAIg  u  (n,A),  y  :  TrFibAIg^  X,  and  fibered  morphisms 
p,  v  :  TrFibMor  X  y,  we  have  an  equivalence 

(p  —  u)  ~  TrFibCell  p  v 

Proof  Let  algebras  (. D,p,d )  :  TrAlgWj  (n,  A)  and  ( E,q,e )  :  TrFibAlgi/fc  (. D,p,d )  and  fibered 
morphisms  (/,  /?),  (<?,  7)  :  TrFibMor  ( D,p,d )  (E,  q,  e)  be  given.  We  establish  the  following 
chain  of  equivalences: 

(f,P)  =  (9,l) 

~  (pa  :  f  =  g)  (a)^a:A){h{d{a))=e{a))  ^  =  ^ 

-  (Sa  :  /  =  0)  na:j4  ^(=En(a))  (d(a))  =  fi(a)  -7(a)-1) 

-  :  }  ~  g}  Ua:A  (a(d(a))  =  P(a)  -7(a)-1) 

=  TrFibCell  (/,/?)  (<?,7) 

The  first  equivalence  follows  by  the  characterization  of  paths  in  dependent  product  spaces. 
The  second  equivalence  follows  by  induction  on  a  and  function  extensionality.  Finally,  the 
third  equivalence  follows  from  the  fact  that  the  map  =En  :  (/  =  g)  — >■  (/  ~  g)  is  itself  an 
equivalence.  □ 

Corollary  161.  (PL)  Given  algebras  X  :  TrAIg u  (n,A),  y  :  TrAIg^  (n,  A),  and  morphisms 
p,  v  :  TrMor  X  y,  we  have  an  equivalence 

(p  =  u)  ~  TrCell  p  v 
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Lemma  162.  (PL)  For  any  algebra  X  :  TrAIg w  (n,  A)  we  have 

hasTrlnd?4(A’)  — >  hasTrlndllniqWfc(A’) 


Proof.  Fix  an  algebra  ( D,p,d )  :  TrAIg  u  (n,  A)  and  assume  that  hasTrlnd  uk(D,p,d)  holds.  To 
show  that  hasTrlndUniqWfe(.D,p,  d)  holds,  take  a  fibered  algebra  (E,  q,  e )  :  TrFibAIg^  (D,p,  d ) 
and  fibered  morphisms  (f,/3),(g,  7)  :  TrFibMor  ( D,p,d )  ( E,q,e ).  By  lemma  160}  to  show 
(/,  /3)  =  (g,  7)  it  suffices  to  exhibit  a  fibered  truncation  cell  between  (/,  /3)  and  (g,  7). 

To  do  so,  we  use  the  induction  principle  with  an  appropriate  fibered  algebra  (E' ,  q’ ,  e')  : 
TrFibAIg  (D,p,  d).  To  this  end,  we  put  E1  x  (->•  f(x)  =  g(x),  which  clearly  still  belongs  to 
Uk  fiberwise.  For  the  third  component,  we  put  e'(a)  :=  /3(a)  ■  7(a)-1.  Finally,  to  construct  q'  we 
need  to  show  that  each  fiber  of  E',  namely  f(x)  —e(x)  g(x)  for  x  :  D,  is  an  (n  —  2)-type.  It  thus 
suffices  to  show  E(x)  is  an  (n  —  2)-type;  but  this  is  exactly  assumption  q(x). 

The  induction  principle  gives  us  a  fibered  morphism  (a,  rf)  :  TrFibMor  (D,p,  d)  (E1,  q’ ,  e'), 
which  is  exactly  our  desired  truncation  cell  between  (/,  f3)  and  (g,  7).  □ 


Corollary  163.  (PL)  For  any  algebra  X  :  TrAIg^  (n,  A)  we  have 

hasTrlndWfc(T’)  ->•  isTrFHnitWfc(ff) 


Lemma  164.  For  any  algebra  X  :  TrAIg^  (n,  A)  we  have 

hasTrRec^fc(ff)  x  hasTrRecUniq4fc(T’)  — >•  hasTrlnd24(fF) 

provided  k  >  j. 


Proof.  Let  an  algebra  (D,p,d)  :  TrAlgWj  fi,  A)  be  given  and  assume  that  hasTrR ecUk(D,p,d) 
and  hasTrRecllniq4fc(D,p,  d)  hold.  To  show  that  hasTrlnd uk(D,p,d)  holds,  fix  any  fibered  al¬ 
gebra  (E,  q,  e)  :  TrFibAIg^  (D,p,d).  In  order  to  apply  the  recursion  principle,  we  need  to 
turn  this  into  a  non-fibered  algebra  (£’,,g/,e/).  We  put  E'  :=  Ex:DE(x);  we  note  that  since 
D  :  Uj,  E  :  D  — )•  Uk,  and  j  <  /;:,  E'  belongs  to  Uk  as  needed.  For  the  third  component,  we  put 
e'(a )  :=  (a,  e(a )).  Finally,  to  construct  q'  we  need  to  show  that  S x.DE(x)  is  an  (n  —  2)-type.  But 
we  have  that  D  is  an  (n  —  2)-type  by  the  assumption  p  and  for  any  x,  E(x)  is  an  (n  —  2)-type  by 
the  assumption  q(x).  Since  taking  a  £  of  a  family  of  (n  —  2)-types  over  an  (n  —  2)-type  results 
again  in  an  (n  —  2) -type,  we  are  done. 

The  recursion  principle  then  gives  us  a  morphism  (/,  (3)  :  TrMor  ( D,  p ,  d)  (E',  q' ,  e'),  where 
/  :  D  ->•  Tjx,dE(x)  and  /3(a)  :  f(d(a ))  =  (a,e(a)). 

We  now  want  to  show  that  the  function  tt\  o  /  :  D  — >  D  is  in  fact  the  identity  on  D  (up  to  a 
homotopy,  of  course).  We  can  do  this  by  endowing  both  of  the  functions  n1  o  f  and  i d  D  with  a 
morphism  structure  on  the  algebra  (D,  p,  d);  by  the  recursion  uniqueness  principle  it  will  follow 
that  these  morphisms  are  equal,  and  in  particular  they  are  equal  as  maps. 

We  turn  the  identity  map  id />  into  the  morphism  (id  p,  a  ^  ld(a))  and  the  composition  717  o  / 
into  the  morphism  (77  o/,o4  nf  (/3(a))) .  By  the  recursion  uniqueness  rule,  these  morphisms 
are  equal  and  by  corollary  |161[  there  exists  a  truncation  cell  (a,  r/)  between  them,  where  a  : 
tti  o  /  ~  idD  and  g(a)  :  a(d(a))  =  vrf  (/3(a))  ■  ld(a)- 

Our  desired  fibered  homomorphism  (fD,(3D)  :  TrFibMor  (D,p,d)  (E,  q,  e)  is  now  con¬ 
structed  by  putting  fD  :=  a  on  ("2  o  /)  and  defining  (3d(o)  as  the  path 
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a(d(a ))f  7 r2(/(d(a))) 
via  /3(a) 

7Tf(/5(a))f  7 r2(/(d(a,f))) 

03(a)) 

e(a) 


where  B(a,  f)  is  the  path 

a(d(a))  ^  ^ —  7 rf(/3(a,£))  ■  ld(a)  - 7rf(/3(a,f)) 

□ 

Corollary  165.  ("H)  For  any  algebra  X  :  TrAlgWj  (n,  A)  we  have 

isTrHlnit^(A’)  ->■  hasTrlndWfe(A’) 

provided  k  >  j. 

Corollary  166.  ( PL )  Forn  :  N,  /I  :  LA;,  the  following  conditions  on  an  algebra  X  :  TrAIg w  (n,  A) 
are  equivalent: 

•  A’  satisfies  the  induction  principle  on  the  universe  Uk 

•  fb  A  homotopy -initial  on  the  universe  Uk 
for  k  >  j.  In  other  words,  we  have 

hasTrlndWfe(Af)  ~  isTrHInit^A’) 

provided  k  >  j.  Moreover,  the  two  types  above  are  mere  propositions. 

Proof.  Exactly  as  in  the  proof  of|107|  □ 

Corollary  167.  (H  +  ||  •  ||)  For  n  :  N,  /l  :  LA,,  the  algebra 

(Plln— 2,P,  |-|)  :  TrAlgw.(n,  A) 
is  homotopy -initial  for  any  p  on  any  universe  lAj. 

Finally,  we  note  that  homotopy-initial  truncation  algebras  satisfy  the  following  universal  proper¬ 
ties,  whose  proofs  are  simple  exercises: 

Lemma  168.  (ft)  For  any  algebra  X  :=  (. D ,  — ,  |  •  |D)  :  TrAlgw.  (n,  A)  and  type  E  :  Uk,  if  X  is 
homotopy-initial  on  Uk  and  E  is  an  (n  —  2) -type,  then  we  have 

D  —y  E  ~  A—y  E 

provided  k  >  j. 
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Proof.  The  quasi-inverse  from  left  to  right  is  given  by  precomposition  with  |  •  \D\  the  quasi¬ 
inverse  in  the  opposite  direction  is  given  by  the  recursion  principle.  □ 

Lemma  169.  (PL)  For  an  algebra  X  :=  ( D ,  — ,  |  •  \D)  ■  TrA|g^  (n,  A)  and  type  family  E  :  D 
Uk,  if  X  is  homotopy -initial  on  Uk  and  each  fiber  of  E  is  an  (n  —  2) -type,  then  we  have 

II  x:DE(x)  ~  Ua:AE(\a\D) 


provided  k  >  j. 

Proof  The  quasi-inverse  from  left  to  right  is  given  by  precomposition  with  |  •  \r>;  the  quasi¬ 
inverse  in  the  opposite  direction  is  given  by  the  induction  principle.  □ 
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4.2  Homotopy-initiality  for  Set  Quotients 

4.2.1  Set  Quotients 

In  mathematics,  we  very  often  need  to  take  the  quotient  of  a  set  by  an  equivalence  relation,  e.g., 
when  constructing  the  rational  numbers  from  the  integers.  The  notion  of  an  equivalence  relation 
in  the  type-theoretic  setting  is  straightforward;  we  start  off  with  the  following  definition. 

Definition  170.  For  a  general  type-valued  relation  R  :  A  — >  A  — >•  Ui  on  A  :  U,  we  define 

id  (12)  :=  If a:AR{a,a) 
in v(i2)  If a,6:A-R(«,  — >  R{b,a) 

comp(i?)  :=  Id a,b,c:A{R{o>,b)  x  R(b,c ))  —y  R(a,c ) 

In  the  special  case  when  R(a,  b )  is  a  mere  proposition  for  all  a,b  :  A,  the  above  types  can 
be  understood  as  statements  of  reflexivity,  symmetry,  and  transitivity  of  /?.  Thus,  we  have  the 
following: 

Definition  171.  For  A  :  U,,  we  define  the  type  of  equivalence  relations  on  A  as 

EqRel(A)  :=  T,R:A^.A^Ui(Uafi:A\sProp(R(a,b)))  x  id (12)  x  inv(12)  x  comp(12) 

We  note  that  any  equivalence  relation  on  A  can  be  thought  of  as  specifying  the  path  structure 
of  a  0-type,  also  known  as  a  set ,  where  the  0-cells  are  induced  by  the  points  of  A  and  the  1 -cells 
with  source  a  :  A  and  target  b  :  A  are  induced  by  the  terms  of  i?(a,  b) .  The  notion  of  a  set  quotient 
is  meant  to  capture  this  intuition.  We  follow  the  definition  in  If33l.  chapter  6.10,  except  we  do 
not  require  the  type  A  :  Ui  itself  to  be  a  set  (as  mentioned  in  remark  6.10.1,  this  is  unnecessary 
for  the  general  theory  of  set  quotients). 

Formally,  given  A  :  U,  and  an  equivalence  relation  R  :=  (12,  :  EqRel( /l),  the  set 

quotient  A/0R  of  A  by  R  is  the  higher  inductive  type  generated  by  the  following  constructors: 

point0  :  A  — y  Aj qR 

cello  :  n a,b:AR(a,b)  (point0(a)  =  point0(6)) 

hub  :  (S1  A/0R)  ->•  A/0R 

spoke  :  (kfr  :  S1  — >  A/0R)  (iLr  :  S1)  (r(x)  =  hub(r)) 

The  constructor  point0  can  be  understood  as  taking  a  :  A  to  its  equivalence  class  under  R. 
The  constructor  cell0  is  meant  to  identify  the  two  equivalence  classes  point0(a)  and  point0(6) 
whenever  we  have  R(a,b).  Finally,  as  it  was  in  the  case  of  truncations,  the  purpose  of  the 
constructors  hub  and  spoke  is  to  ensure  that  the  resulting  set  quotient  is  a  0-type. 

How  do  we  know  that  this  definition  of  set  a  quotient  is  indeed  correct?  In  mathematics,  the 
most  important  property  of  a  quotient  by  an  equivalence  relation  is  the  fact  that  two  elements 
belong  to  the  same  equivalence  class  if  and  only  if  they  are  related;  in  our  setting,  this  means 
(point0(a)  =  point0(6))  ~  R(a,  b)  for  all  a,b  :  A,  a  property  also  known  as  effectiveness.  This 
is  lemma  10.1.8  of  ll33l;  we  will  show  this  in  a  more  general  setting  at  the  end  of  this  section. 
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The  recursion  principle  for  quotients  says  that  given  terms 

•  E  :  Ujt 

•  e  :  A ->  E, 

•  P  ■  Ua,b:AR(a,b )  -»  (e(x)  =  e(y)), 

•  h  :  (S1  -)■  E)  -)■  E, 

•  s  :  ntt:Si_yBna.:Si(u(ic)  =  h(u)), 

there  is  a  recursor  rec./0.(E,  e,p,  h,  s )  :  A/0R  — >  E.  The  recursor  satisfies  the  computation  laws 

•  rec./0.(point0(a))  =  e(a)  for  any  a  :  A, 

•  aprec  /  (cello(^))  =  p(x)  for  any  a  :  A,b  :  A,  z  :  R(a,  b), 

•  rec./0.(hub(r))  =  h(rec./0.  o  r)  for  any  r  :  S1  — )■  A/0R, 

•  aprec  /  (spoke(r,  x))  is  equal  to  the  path  below  for  any  r  :  S1  — *  A/0R  and  x  :  S1,  where 
equality  (1)  uses  the  computation  rule  for  the  hub  constructor: 

s(rec./n.  o  r,  x)  (1) 

rec7o-('r(x))  - /i(rec./o.(s)  or)  - rec./o.(hub(r)) 

Similarly,  we  have  an  induction  principle:  given  terms 

•  E  :  A/q R  -)•  Uj, 

•  e  :  na:A£(point0(a)), 

•  p  :  na,b:AIlZ:R(a,b)  (cello(z)f  e(a)  =  e(6)), 

•  h  :  (nr  :  S1  A/0R)  (IL^i E(r(x)))  ^(hub(r)), 

•  s  :  (ilr  :  S1  — >  A/0R)(lltt  :  II3.:SiTJ(r(x)))  (fix  :  S1)  (spoke(r,  x)f  u(x)  =  h(r,u )), 

there  is  an  inductor  ind. /„.(£?,  e,p,  h,  s)  :  Ux:a/0rE(x).  The  inductor  satisfies  the  following 
computation  laws: 

•  ind./0.(point0(a))  =  e(o)  for  any  a  :  A, 

•  dapind  /  (cello(^))  =  p{z)  for  any  a  :  A,b  :  A,  z  :  R(a,  b), 

•  ind./0.(hub(r))  =  h(r ,  ind./0.  o  r)  for  any  r  :  S1  — y  7L/0R, 

•  dapind  ,  (spoke(r,  x))  is  equal  to  the  path  below  for  any  r  :  S1  — >•  A/0R  and  x  :  S1,  where 
equality  (1)  uses  the  computation  rule  for  the  hub  constructor: 

s(r,  ind./0.  o  r,  x)  (1) 

spoke(r,x)f  (ind./0.(r(x)))  - h(r,  ind./0.  or)  - ind./o.(hub(r)) 


At  this  point  we  note  that  all  but  the  first  computation  rules  are  unnecessary,  both  in  the  recur¬ 
sive  and  the  inductive  case:  as  in  the  case  of  truncations,  the  hypotheses  h  and  s  are  equivalent 
to  asserting  that  E  is  (fiberwise)  a  0-type  (lemmas  139  and  |140|);  the  computation  laws  for  cel  l0 
are  then  redundant  by  lemma[3]and  the  laws  for  hub  and  spoke  were  redundant  to  begin  with,  by 
lemmas  11421  and  11411 
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Hence,  the  set  quotient  of  A  :  U  by  an  equivalence  relation  R  :=  (R, . . .)  :  EqRel(A)  can  be 
equivalently  presented  as  a  type  A/ 0 R  :  U,  endowed  with  constructors 

point0  :  A  — y  Aj qR 

cello  :  n a,b:AR(a,b)  ->•  (point0(a)  =  point0(6)) 
tr  :  isSet(y4/0R) 

where  we  use  the  abbreviation  isSet(X)  :=  is-O-type(X),  such  that  given  terms 

•  E  :  Uj, 

•  t  :  isSet (E), 

•  e  :  A  —y  E, 

•  P  ■  na,b:AR(a,b )  -»  (e(x)  =  e(y)), 

there  is  a  recursor  r ec./0.(E,  t,e,p)  :  A/qR  — >  E  satisfying  the  computation  law 

•  rec./0.(point0(a))  =  e(a)  for  any  a  :  A, 
and  for  any  terms 

•  E  :  A/q R  ->•  Uj, 

•  t  :  Uy.D\sSet(E(y)), 

•  e  :  na:A-E(point0(a)), 

•  p  :  Uatb:AUz:R^b)(ce\\0{z)^  e(a)  =  e(b)), 

there  is  an  inductor  ind ./0.(E,  t,  e,p)  :  Ux:A/0-rE(x )  satisfying  the  computation  law 

•  ind./0.(point0(a))  =  e(a)  for  any  a  :  A. 

Definition  172.  For  A  :  Ui,  R  :=  (R, . . .)  :  EqRel(A),  we  define  the  type  of  set  quotient  algebras 
on  a  universe  Uj  be 

SQAIgw  (AR)  :=  ED.Uj\sSet(D)  X  ^Se:A— ¥D  n a,b:AR(a,b)  ->■  (e(x)  =  e{y))^ 

Definition  173.  For  an  algebra  X  :  SQAIg^  ( A ,  R)  with  R  :=  (R, . . .),  define  the  type  of  fibered 
set  quotient  algebras  over  X  on  a  universe  Uk  by 

SQFibAlgWfc  (A  d,p)  :=EE:D^k(ny:D\sSet(E(y))^  x 

(^^e:(Yla:A)E(d(a))1^-a,b:A^-z:R(a,b)  {jpifli  ^)*  ^(^0 

Definition  174.  For  algebras  X  :  SQAIg^  ( A ,  R)  and  y  :  SQAIg^,  ( A ,  R),  we  define  the  type  of 
set  quotient  morphisms/ram  X  toy  by 

SQMor  (D,  —,  d,  — )  (E,  — ,  e,  — )  :=  Ef:D^EU a:A(f(d(a))  =  e{a)) 

Definition  175.  For  algebras  X  :  SQAIg^  {A.  R)  and  y  :  SQFibAIg^.  X,  we  define  the  type  of 
fibered  set  quotient  morphisms  from  X  toy  by 

SQFibMor  (D,  d,  -)  (E, e,  -)  :=  Ef:(nx:D)E{x)U a:A(f(d(a))  =  e(a)) 
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Definition  176.  An  algebra  X  :  SQAIgw  (A,  R)  satisfies  the  recursion  principle  on  a  universe 
Uk  if  for  any  algebra  y  :  SQAIg^  (A.  R)  there  exists  a  morphism  from  X  to  f': 

hasSQReq^*)  :=  (ny  :  SQAIg^(A,  R^  SQMor  X  y 

Definition  177.  An  algebra  X  :  SQAIg^ (A.  R)  satisfies  the  induction  principle  on  a  universe 
Uk  if  for  anyfibered  algebra  y  :  SQFibAIg^,  X  there  exists  afibered  morphism  from  X  to  f': 

hasSQIndWfc(A')  :=  (liy  :  SQFibAlgWfc  x'j  SQFibMor  X  y 

Definition  178.  An  algebra  X  :  SQAIg^  {A.  R)  is  homotopy-initial  on  a  universe  Uk  if  for  any 
other  algebra  y  :  SQAIg^  {A.  R)  the  type  of  morphisms  from  X  toy  is  contractible: 

isSQFIInitWfc(A’)  :=  ^11 3^  :  SQAIgWj.(A,  R^  isContr(SQMor  X  y) 
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4.2.2  Homotopy-initiality  for  Set  Quotients 


We  aim  to  show  the  following  analogue  to  our  main  theorem  for  W-quotients: 

Theorem  179.  (Ft  +  /)  For  A  :  U%,  R  :  EqRel(A),  the  following  conditions  on  an  algebra 
*  :SQAIgw.(A,R)  are  equivalent: 

•  X  satisfies  the  induction  principle  on  the  universe  Uk 

•  X  is  homotopy -initial  on  the  universe  Uk 
for  k  >  j.  In  other  words,  we  have 


hasSQInd^A)  ~  isSQHInitWfc(A’) 
provided  k  >  j.  Moreover,  the  two  types  above  are  mere  propositions. 

Fix  k  >  j,  type  A  :  Ui,  and  an  equivalence  relation  R  :=  (R, . . .).  We  aim  to  establish 
the  above  theorem  by  encoding  each  X  as  a  O-truncation  of  a  suitable  type  quotient  algebra  and 
invoking  theorem  152  Let  us  fix  an  algebra  (T,  pTl  Ct)  :  T QAIgw.  (A,  IF)  which  satisfies  the 


induction  principle  on  Uk-  We  now  show  that  set  quotient  algebras  are  really  the  same  thing  as 
O-truncation  algebras  over  the  type  quotient  T.  We  note  that  we  need  to  use  the  parameter  n  :=  2 
to  obtain  a  O-truncation. 


Lemma  180.  (FI  +  /)  We  have  a  function 

TrToSQAIg  :  TrAlgWj(2  ,T)  SQAIg^R) 
which  is  an  equivalence. 


Proof.  We  proceed  in  four  steps: 


Step  1  First  we  define  TrToSQAIg;  for  this,  take  an  algebra  (X,  tx ,  |  •  |x)  :  TrAlgWj(2,  T).  To 
construct  a  set  quotient  algebra,  we  can  use  the  same  underlying  type  X,  with  tx  showing  it 
is  a  0-type  as  desired.  For  the  third  component,  we  need  a  function  px  :  A  — >  X.  The  only 
possibility  we  have  is  to  define  Px(a)  |pt(o)|x-  To  obtain  the  fourth  component,  we  need  a 
function  cx  mapping  each  a,b  :  A,  z  :  R(a ,  b )  to  a  path  from  |pr(a)|x  to  |pt(&)|x-  Again,  the 
only  choice  we  have  is  to  define  cx(z )  :=  ap|_.  (cT(^)). 

Step  2  Define  the  intended  quasi-inverse  SQToTrAIg;  for  this,  take  an  algebra  (A",  tx,  px.  cx)  : 
SQAIgWj  ( A ,  R).  To  construct  a  truncation  algebra,  we  can  use  the  same  underlying  type  X,  with 
tx  showing  it  is  a  0-type  as  desired.  To  obtain  the  last  component,  we  need  a  function  T- to- A  : 
T  —>  X.  We  proceed  by  recursion  (we  can  do  this  since  j  <  k ),  mapping  p T(a)  (->•  px(a)  for 
any  a  :  A  and  ct(z )  i— >  Cx(^)  for  any  a,b  :  A,  z  :  R(a,  b ).  The  first  computation  rule  then  gives 
us  a  family  of  paths  fir-to-xia)  :  T-to-A"(pr(a))  =  PA'(a)  for  a  :  A. 

Step  3  We  now  want  to  show  that  for  any  set  quotient  algebra  X  :  SQMgUj  ( A ,  R),  we  have 
TrToSQAIg(SQToTrAlg(A))  =  X.  Let  such  an  algebra  (A",  tx,  px,  cx)  be  given.  The  first  and 
second  components  of  TrToSQAIg(SQToTrAlg(A",  tx,  px,  cx))  are  X  and  tx  themselves.  The 
third  component  is  the  map  a  T-to-X (pT(a)) .  Since  the  type  of  the  fourth  component  is  a 
mere  proposition,  all  we  need  is  a  path  7  equating  the  third  component  with  px.  But  we  can  just 
put  7  :=  11  E=  (/3T-to-X). 
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Step  4  Finally,  we  want  to  show  that  for  any  truncation  algebra  X  :  TrAlgw.(2,  T),  we  have 
SQToTrAlg(TrToSQAIg(A))  =  X.  Let  such  an  algebra  (X,tx,  \  •  |x)  be  given.  The  first  and 
second  components  of  SQToTrAlg(TrToSQAIgQA,  tx,  |  •  |x))  are  X  and  tx  themselves.  The 
third  component  is  the  map  T -to- A".  We  thus  need  to  show  that  for  any  t  :  T,  we  have 
T-to-X(t)  =  \t\x-  We  proceed  by  induction,  mapping  pT(a)  i->  /3T-to-X(a)  for  any  a  :  A. 
Since  the  type  T-to-X(t)  =  \t\x  is  a  mere  proposition  for  any  t,  we  do  not  have  to  provide  a 
mapping  for  cT(z),  which  means  we  are  done.  □ 

Lemma  181.  (PL  +  /)  For  an  algebra  X  :  TrAIg^  (2,  T)  we  have  a  function 

TrToSQFibAIg  :  TrFibAlgWfe  ft  ->■  SQFibAlgWfc  ^TrToSQAIg  X^j 

which  is  an  equivalence. 

Proof.  Fix  an  algebra  X  :=  (X,tx,  •  \x)  '■  TrAlg?Y  (2,  T).  We  recall  that  TrToSQAIg  X  is  the 
algebra  (A",  tx,  PxXx),  where 

Px(a)  :=  |Pr(o)|x  for  a:  A 

Cx(z)  ■■=  ap|_|x(or(z))  for  a,  b  :  A,  z  :  R(a,b) 

We  now  proceed  in  four  steps: 

Step  1  First  we  define  TrToSQFibAIg;  for  this,  take  an  algebra  (. E^e ,  |  •  |b)  :  TrFibAlgi/fc  X. 
To  construct  a  fibered  set  quotient  algebra,  we  can  use  the  same  underlying  type  family  E,  with 
Ie  showing  it  is  fiberwise  a  0-type  as  desired.  For  the  third  component,  we  need  a  function 
p E  ■  Ua:AE(\pT(a)\x).  The  only  possibility  we  have  is  to  define  p E(a)  ■—  |pt(o)|e-  For  the 

fourth  component,  we  need  a  function  cE  mapping  each  a,b  :  A  and  z  :  R(a,  b )  to  a  path  from 

\  E 

ap|_| x(ct(z))  )  |pt(u)|e  to  \pT(b)\E.  Again,  the  only  reasonable  choice  we  have  is  to  define 
c e(z)  to  be  the  following  path: 

(ap|_|x(cT(z)))^  |pr(o)|B 


cr(z)f  °  ix  \Pt((i)\e 

daP|_|B(c  T{z)) 
P  r{b)\E 
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Step  2  Define  the  intended  quasi-inverse  SQToTrFibAIg;  for  this,  fix  algebra  (E,  tE,  p e,  c e)  : 
SQFibAlgi4  (TrToSQAIg  X).  To  construct  a  fibered  truncation  algebra,  we  can  use  the  same 
underlying  type  family  E,  with  tE  showing  it  is  fiberwise  a  0-type  as  desired.  To  obtain  the 
last  component,  we  need  a  function  T-to-E  :  Ut:TE(\t\x).  We  proceed  by  induction,  mapping 
p T(a)  |— >  p E(a)  for  any  a  :  A  and  cT(z)  to  the  path  below  for  any  a,b  :  A,  z  :  R(a,  b ): 

Cr(-)fo|7lx  P e{o) 


(  1  \E 
(aPl-lxM*))^  p E(a) 

cE(z) 

\b\ e 

The  first  computation  rule  then  gives  us  a  family  of  paths  (3t-\.o-E(o)  '■  T-to-E(pT(a))  =  pE(a) 
for  a  :  A. 

Steps  3  +  4  These  are  entirely  analogous  to  the  non-fibered  case.  □ 

Lemma  182.  (V,  +  /)  For  algebras  X  :  TrAlgir.  (2,  T )  and  y  :  TrFibAlgiYfc  X  we  have 

TrFibMor  X  y  ~  SQFibMor  ^TrToSQAIg  X^j  ^TrToSQFibAlg(T’)  y'j 

Proof.  Fix  algebras  X  :=  (X,tx,  \  •  |x)  :  TrAlgWj(2 ,T)  and  y  :=  ( E,tE ,  |  •  |E)  :  TrFibAlgWfe  X. 
To  construct  a  map  from  left  to  right,  take  a  morphism  (/,  j3)  :  TrFibMor  X  y.  To  turn  /  into  an 
appropriate  set  quotient  morphism,  we  show  that  for  each  a  :  A  wehave/(|pr(a)|x)  =  |Pt(«)|e- 
But  this  is  exactly  the  equality  witnessed  by  /3(pr(a)).  For  a  map  in  the  opposite  direction,  take 
a  morphism  (f,/3)  :  SQFibMor  (TrToSQAIg  X )  (TrToSQFibAlg(T’)  3^) •  To  turn  /  into  a 
truncation  morphism,  we  need  to  show  that  for  any  t  :  T,  we  have  f(\t\x)  =  \ t\E.  For  this, 
we  proceed  by  induction.  Since  the  type  f{\t\x)  =  \t\E  is  a  mere  proposition  for  any  t  :  T, 
we  only  need  to  show  that  it  is  inhabited  for  t  :=  pr(a),  i.e.,  that  for  each  a  :  A  we  have 
/(|pr(a)|.v)  =  |pt(gOU-  But  this  is  exactly  the  equality  observed  by  /3(a). 

Showing  that  these  two  functions  compose  to  identity  on  both  sides  is  trivial  since  they  both 
preserve  the  underlying  map  /  and  for  each  morphism  involved,  the  type  of  its  second  component 
is  a  mere  proposition.  □ 

Corollary  183.  (PL  +  /)  For  algebras  X  :  TrAIg^  (2,  T)  and  y  :  TrAlgWj  (2,  T)  we  have 

TrMor  X  y  ~  SQFibMor  ^TrToSQAIg  X^j  ^TrToSQAIg 
Proof.  Exactly  as  in  the  fibered  case.  □ 
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Corollary  184.  (Ft  +  /)  For  an  algebra  X  :  SQAIg^  (^4,  G)  we  have 

hasSQRecWfc(A’)  ~  hasTrRecWfc  ^TrToSQAIg_1(A’)  j 
hasSQIndWfc  (X)  ~  hasTrlndWfc  ^TrToSQAIg_1(A’)  j 
isSQHInitZ4(A’)  ~  isTrHInit^  (TrToSQAIg-1^)  j 

Corollary  185.  (Ft  +  /)  For  A  :  U,,  R  :  EqRel( /l),  the  following  conditions  on  an  algebra 
A’:SQAIgw.(AR)  are  equivalent: 

•  X  satisfies  the  induction  principle  on  the  universe  U}. 

•  X  is  homotopy -initial  on  the  universe  Uk 

for  k  >  j.  In  other  words,  we  have 

hasSQInd?4(A’)  ~  isSQHIniti4(A’) 

provided  k  >  j.  Moreover,  the  two  types  above  are  mere  propositions. 

Corollary  186.  [Ft  +  /  +  -/V)  For  A  :  Ui,  R  :  EqRel(A),  the  algebra 

(A/0R,p,  point0,  cello)  :  SQAIgw.(^4,R) 

is  homotopy -initial  for  any  p  on  any  universe  Uj. 

Homotopy-initial  set  quotient  algebras  enjoy  the  property  of  effectiveness: 

Lemma  187.  (Ft)  For  A  :  Ui,  R  :  EqRel(A),  and  algebra  X  :=  (D,tD,  p,c)  :  SQAIg^A,  R), 
where  R  :=  (11.  t n ,  r,  i,  c),  if  X  is  homotopy-initial  on  the  universe  Ul+\,  then  for  any  a,b  :  A 
we  have 

(P(a)  =  P  (b))  -  R(a,b) 

Proof.  We  employ  the  “encode-decode”  method  introduced  by  D.  Licata.  That  is,  we  first  define 
a  function  C  :  D  — »  D  — »  T,x-Ui -isProp(X),  where  C(x,  y)  is  meant  to  explicitly  describe  the 
path  type  x  =  y,  and  then  show  that  we  indeed  have  (x  =  y)  ~  7Ti(C(x,  y)).  Of  course,  we  will 
construct  C  in  such  a  way  that  7Ti(C(p(a),  p(6)))  is  equivalent  to  R(a,  b),  which  will  finish  the 
proof.  Since  for  any  x,y  :  D  the  types  (x  =  y)  and  7Ti(C(x,  y))  are  mere  propositions,  it  suffices 
to  exhibit  a  logical  equivalence  between  them,  i.e.,  construct  maps 

e(x,y)  :(x  =  y)->  tt^C (x,y)) 
d {x,y)  :  tti(C (x,y))  ->■  (x  =  y) 

Step  1  To  define  C,  we  proceed  by  recursion  on  the  first  argument.  In  other  words,  we  construct 
a  set  quotient  algebra  on  Ui+\  whose  carrier  type  is  D  — >  S.Y:w!isProp(A^).  The  function  C 
will  then  be  the  underlying  map  of  the  propositionally  unique  morphism  into  this  algebra,  the 
existence  of  which  is  guaranteed  by  the  fact  that  X  satisfies  the  recursion  principle  on  U,+\  (being 
homotopy-initial  on  Ui+f).  To  obtain  the  aforementioned  set  quotient  algebra,  we  first  need  to 
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verify  that  the  type  D  — »  Ax^isPropfA")  indeed  belongs  to  U;+\,  which  is  easy  to  check.  Next 
we  need  to  show  that  the  type  D  — >  Sx^isProp(X)  is  in  fact  a  set.  For  this  it  suffices  to  show 
that  Sx:t/!  isProp(A")  is  a  set,  which  is  a  simple  exercise  (or  see  theorem  7.1.11  in  ll33lD. 

Now  we  need  to  define  a  function  F  :  A  — >■  D  — >■  is  Prop  (A").  We  do  this  by  recursion 
on  the  second  argument.  So  we  fix  a  :  A  and  map  p(6)  (->•  (R(a,b),tii(a,b)).  To  finish  the 
definition,  we  need  to  show  that  for  any  bi,b2  :  A,  and  z  :  R[b\  ,b2),  there  is  a  path  from 
(R(a,bi),tR(a,bi))  to  (R(a,  b2),  tR(a,  b2))  in  the  type  T,x-Uj .isProp(X).  Since  isProp(A")  is  a 
mere  proposition  for  any  X,  this  is  equivalent  to  showing  R(a,b1 )  =  R(a,b2 )  (the  map  ap7ri 
serves  as  the  equivalence).  By  univalence,  this  is  equivalent  to  showing  R(a,  b\ )  ~  R(a ,  b2).  But 
this  clearly  holds  since  we  have  the  quasi-inverses  u  t->-  c(u,  z)  and  v  i->-  c(u,  \(z))  (these  maps 
are  necessarily  quasi-inverse  to  each  other  since  R(a,  bi)  and  R(a,  b2)  are  mere  propositions). 
This  finishes  the  definition  of  F (a).  We  note  that  by  the  first  computation  rule,  we  get  a  family 
of  paths  /3p(a,  b )  :  F(a,  p(b))  =  (R(a,  b),tR(a,  b)). 

To  finish  the  definition  of  C,  we  must  show  that  for  any  a2,  a2  :  A  and  v  :  R(a\,  a-2 ),  we 
have  F(a\)  =  F(a2).  By  function  extensionality,  it  suffices  to  show  that  for  any  x  :  D,  we 
have  F(ai,x )  =  F(a2,x).  We  now  proceed  by  induction  on  x.  It  is  clear  that  for  any  x, 
the  type  F(ai,x)  =  F(a2,x )  belongs  to  Ui+ 1.  We  also  need  to  show  that  it  is  a  set,  but  it 
is  even  a  mere  proposition,  so  it  only  remains  to  establish  the  case  F(ai,  p(6))  =  F(a2 ,  p (b)) 
for  b  :  A.  By  /3R(ai,b)  and  /3^(a2,&),  it  suffices  to  show  that  (R(ai,  b),  tR(ai,  b))  is  equal  to 
(R(a2,b),tR(a2,b)).  For  this  it  suffices  to  exhibit  an  equivalence  R(a2,  b)  ~  R(a2,b).  This 
clearly  holds  since  we  have  the  quasi-inverses  u  i— >  c(i (v),u)  and  w  i— >  c(v,w).  This  finishes 
the  definition  of  C  and  we  note  that  by  the  first  computation  rule,  we  get  a  family  of  paths 
/ 3c(a )  :  C(p(a))  =  F(a)  for  any  a  :  A. 


Step  2  To  define  d  (x,y),  we  proceed  by  induction  on  x.  We  can  do  this  since  the  type 
ny.D7r1(C(x,y))  — >  (x  =  y)  belongs  to  Ui+1  and  is  a  mere  proposition  for  any  x  :  D.  The 
latter  implies  that  it  suffices  to  show  that  ny.£i7ri(C(p(a),  y))  — >  (p(a)  =  y )  is  inhabited  for  any 
a  :  A.  To  show  this,  fix  a  :  A  and  proceed  by  induction  on  y.  It  suffices  to  show  that  the  type 
7Ti  (C(p(a),  p(6)))  — >  (p(a)  =  p(6))  is  inhabited  for  any  b  :  A.  To  this  end,  let  e(a,  b )  be  the  path 
below: 


C(p(a),p  (b)) 

=  En(/?c(a),p(6)) 

F(a,  p(6)) 

/3F{a,b) 

(■ R(a,b),tR(a,b )) 

Then  c  o  7?!  (=E-(apffl(e(a,  6))))  is  our  desired  function  from  7Ti(C(p(a),  p(6)))  to  p(a)  =  p(6), 
and  the  definition  of  d  is  complete. 
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Step  3  To  define  e(x,  y,  u),  we  perform  path  induction  on  u.  To  construct  a  function  G(x)  : 
7Ti(C(x,  x)),  we  proceed  by  induction  on  x.  Since  the  type  7ri(C(x,  x))  is  a  mere  proposition 
for  any  x  :  D,  it  suffices  to  show  that  it  is  inhabited  when  x  :=  p(a)  for  a  :  A.  We  map 
p(a)  t-)-  7Ti(=E-(ap^l(e(a,a))))  r(a),  where  £  was  defined  in  the  previous  step.  This  finishes 
the  definition  of  e.  □ 
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4.3  Homotopy-initiality  for  Groupoid  Quotients 

4.3.1  Groupoid  Quotients 

We  can  take  the  underlying  idea  of  set  quotients  one  level  higher  to  obtain  groupoid  quotients. 
In  homotopy  theory,  the  canonical  example  of  a  groupoid  quotient  is  the  classifying  space  BG 
of  a  group  G.  Type-theoretically,  a  groupoid  on  A  :  li,  is  a  structure  that  “looks  like”  the  path 
structure  of  a  1-type;  namely,  it  is  a  set- valued  relation  with  identity,  inverse,  and  composition 
operators  which  satisfy  the  usual  algebraic  laws. 

Definition  188.  For  A  :  LA,,  we  define  the  type  of  groupoids  on  A  as 

Grp  (A)  :=  E  R'.A — >A — y lAi  (n0)b:j4isSet(JR(a,&)))  X  ^ r:\d(R)^ i:\nv (R)^c:comp(R) 

^naib:y4n,:i?(ajfe)(c(r(a),^)  =  z)')  x  ^na>b:An2:R(aib)(c(^,r(6))  =  z))  x 
(na,6:j4n2:i?(aife)(c(^,i(^))  =  r(a))j  x  (n^AlI^^)  (c(i(z),  z)  =r (&)))  x 

(na,fe,c,d:yln,:i?,(a,fe)nw;i?(b,c)n2:i?M)  (c(u ,  c(w ,  /i) )  c(c(v,  w) ,  ^ 

Given  A  :  Ui  and  a  groupoid  G  :=  (R,  — ,  r,  i,  c, . . .)  :  Grp(A),  the  groupoid  quotient  A/i G 
of  A  by  G  is  the  higher  inductive  type  generated  by  the  following  constructors: 

poinlq  :  A  — »  A/iG 

cell!  :  Uaj:AR(a,  b)  — >  (pointed)  =  point1(6)) 
presc  :  naAc:Ani,R(aib)nii,:R(bjC) (celli(c(u,  w))  =  cellar;)  ■cell1(iu)) 
hub  :  (S2  ->•  A/xG)  -+A/1 G 
spoke  :  (Hr  :  S2  — >  A/1 G)  (fix  :  S2)(r(x)  =  hub(r)) 

The  only  constructor  which  is  not  analogous  to  the  set  quotient  case  is  presc.  It  asserts  that  the 
composition  operator  given  by  the  groupoid  structure  mirrors  the  one  given  by  the  path  structure 
of  A/ 1 G.  In  other  words,  the  mapping  cell!  carries  the  composition  of  two  “arrows”  v  :  R(a,  b ) 
and  w  :  R(b,  c)  to  the  actual  composition  of  the  component  paths  celli(u)  and  ceWfw). 

Of  course,  we  could  have  also  included  constructors  asserting  that  identities  and  inverses 
are  preserved  in  a  similar  way,  e.g.,  the  constructors  presr  :  II,1:,t (cell , (r(a))  =  l[a]J  and 
presj  :  najb:yln2:R(a)6)  (celli(i(,2))  =  cell!^)-1) .  However,  this  is  unnecessary:  the  preserva¬ 
tion  of  composition  automatically  implies  the  preservation  of  identities  and  inverses;  that  is,  we 
are  able  to  construct  terms  having  the  same  types  as  presr  and  pres;  just  by  using  the  constructors 
given  above.  Moreover,  such  terms  are  necessarily  unique  (up  to  propositional  equality)  since 
A/\G  is  a  1-type  (as  ensured  by  the  hub  and  spoke  constructors).  We  also  note  that  a  constructor 
such  as  presc  was  unnecessary  in  the  set  quotient  case  since  in  a  0-type  any  two  paths  with  the 
same  endpoints  are  automatically  equal. 


105 


The  recursion  principle  for  groupoid  quotients  says  that  given  terms 

•  E  :  Ujt 

•  e  :  A  -»  E, 

•  P  ■  n a<b:A.R(a,b)  ->•  (e(a)  =  e(b)), 

•  m  :  UaAc:AUlr.Ria^Uw:R{biC)  (p(c(v,  w))  =  p{v)  ■ p(w )), 

•  h  :  (S2  —)■  E)  —)■  E, 

•  s  :  n,u.S2^.£II;c:S2 (u(x)  =  h(u)), 

there  is  a  recursor  rec./v(E,  e,p,m,  h,  s )  :  A/iG  — >•  E.  The  recursor  satisfies  the  computation 
laws 

•  rec./1.(point1(a))  =  e(a)  for  any  a  :  A, 

•  aprec  /  (celli(z))  =  p(z)  for  any  a  :  A,b  :  A,  z  :  R(a ,  b ), 

•  apap  (presc(u,  to))  is  equal  to  the  path  below  for  any  a,  6,  c  :  A,  v  :  R(a,  b ),  w  :  f?(fe,  c), 

rec-/r 

where  equalities  (1)  and  (2)  use  the  computation  rule  for  the  cell!  constructor: 

aPrec7l.(celli(c(u,u;))) 

(1) 

p(c(v,w)) 

m{ v,  w) 
p(v)  ■  p(w) 

(2) 

aPrec./r(celliO))  ■  aprec/i  (celhH) 
aPrec./r(Celll(^),Celll(W)) 

•  rec./1.(hub(r))  =  h(rec./v  or)  for  any  r  :  S2  — >  A/ 1 G, 

•  aprec  /  (spoke(r,  x))  is  equal  to  the  path  below  for  any  r  :  S2  — »  A/iG  and  x  :  S2,  where 
equality  (1)  uses  the  computation  rule  for  the  hub  constructor: 

s(rec./  o  r,  x)  (1) 

rec./r(r(a;))  - h( rec./r  or)  - rec./r(hub(r)) 

To  express  the  induction  rule  concisely,  we  introduce  the  following  notation.  For  any  type 

E  :  X  — »  Uk ,  paths  v  :  a  —x  b,  w  :  b  —x  c,  terms  ea  :  E(a),  eb  :  £^(6),  ec  :  i£(c),  and  paths 
p  ■  vf  ea  =  eb,  is  :  wf  eb  =  ec,  we  denote  by  C(p,  is)  the  path 

„  „  via  n  „ 

[V  ■  w)*  ea - w?  ( v f  ea)  - wf  eb - ec 
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The  induction  principle  for  groupoid  quotients  then  says  that  given  terms 

•  E  :  Aj  iG  — >  Uk, 

•  e  :  na:A£!(point1(a)), 

•  p  :  na,6:Anz:W) (celli(z)f  e(a)  =  e(6)), 

•  771  .  UaAc:AUv.Mafi)Uw:R(btC) 

(p( c(v,w))  =  =En(ap(_)B(presc(v,w)),e(a))  ■  C(p(v),p(w))), 

•  h  :  (nr  :  S2  -7  Aj  iG)  (nx:S2£(r(a;)))  ->■  £(hub(r)), 

•  s  :  (ilr  :  S2  — >  A/iG){jlu  :  Ax:S2E(r(x)))  (iLr  :  S2)  (spoke(r,  x)f  w(a:)  =  h(r,u)), 
there  is  an  inductor  ind./1.(S,  e,p,  m,  h,  s )  :  Ax.A/1g,E{x)  satisfying  the  computation  laws 

•  ind./j. (pointed))  =  e(a)  for  any  a  :  A, 

•  dapind  ,  (celli(^))  =  p(z)  for  any  a  :  A,b  :  A,  z  :  R(a,  b ), 

•  dapdaPind  (presc(i;,it;))  is  equal  to  the  path  below  for  any  a,b,c  :  A  and  v  :  R(a,b), 

w  :  R(b,c).  Here  equalities  (1)  and  (3)  use  the  computation  rule  for  the  cell]  construc¬ 
tor,  (2)  is  given  by  the  characterization  of  transport  between  the  fibers  of  the  type  family 
q^t-q f  e(a)  =  e(c)  (easily  shown  by  path  induction),  and  (4)  is  an  analogue  of  functori- 
ality  for  the  dap  operator  (also  easily  shown  by  path  induction). 


pres c(v,w)l^q*  e{a)  e(c)  (dapind/i_(celli(c(u,w;))) 

(1) 


presc(u,  w) 


q  >  qE  e(a)  =  e(c) 


p(c(v,w)) 


(2) 

(=En(ap(_)s(presc(u,  w)),e(a))^  ■  p(c(v,  w)) 

via  m(v,  w) 

(=En(aP(-)f  (Presc(i;,  w)),  e(a)))  ■  ^=En(ap(_}£:(presc(7;,  w)),  e(a))  ■  C(p(v),  p(w))^ 

C(p(v),p(w )) 

(3) 

c(daPind./r(ceNi(u)),dapind  /i  (celli(u;))) 

(4) 

daPind./r  (celli(u)  ■  celli(w)) 
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•  ind./1.(hub(r))  =  h(r,  ind./r  o  r)  for  any  r  :  S2  — >  A/i G, 

•  dapind  /  (spoke(r,  x))  is  equal  to  the  path  below  for  any  r  :  S2  — >  A/1G  and  x  :  S2,  where 
equality  (1)  uses  the  computation  rule  for  the  hub  constructor: 

s(r,  ind. /1.  o  r,  x)  (1) 

spoke(r,  (ind./1.(r(a;)))  - h(r,  ind./r  o  r)  - ind./1.(hub(r)) 

To  give  some  intuition  for  the  induction  principle,  let  us  look  at  how  we  obtained  the  type  for 
the  hypothesis  m.  For  any  a,b,c  :  A  and  v  :  R(a ,  b ),  w  :  R(b,  c ),  the  term  p(c(v,  w))  gives  us 
a  path  from  celli(c(n,  u>))f  e(a)  to  e(c).  However,  the  constructor  presc  allows  us  to  construct 
another  path  with  the  same  endpoints:  namely,  we  first  apply  congruence  to  presc  to  take  us  from 
celli(c(n,  w))f  e(a)  to  (cell^n)  ■  celli(ru))^  e(a)  and  then  appeal  to  C(p(v),p(w))  to  take  us  all 
the  way  to  e(c).  We  want  these  two  paths  to  coincide,  which  is  what  m  asserts. 

The  computation  rule  associated  to  presc  ensures  that  the  inductor  behaves  as  expected  when 
applied  to  presc;  “applied”  here  means  in  the  higher-dimensional  sense  of  course.  Fortunately 
for  us,  the  presence  of  the  hypotheses  h  and  s  means  that  this  rule  is  redundant  since  they  imply 
that  E  is  fiberwise  a  1-type  (lemma [140])  and  in  a  1-type,  any  two  paths  between  paths  are  equal 
provided  the  endpoints  agree.  However,  the  above  computation  rule  for  presc  serves  to  illustrate 
the  difficulty  involved  in  developing  a  unifying  theory  of  higher  inductive  types:  had  we  not 
included  constructors  ensuring  that  the  resulting  type  is  appropriately  truncated,  we  would  have 
been  forced  to  carry  this  rule  around. 

In  light  of  the  above  discussion,  the  groupoid  quotient  of  A  :  Uj  by  a  groupoid  G  := 
(R,  — ,  r,  i,  c, . . .)  :  Grp(A)  can  be  equivalently  presented  as  a  type  A/ iG  :  Uj  endowed  with 
constructors 


pointj^  :  A  — »  A/iG 

cell!  :  Uaj.A R(a,b)  — >  (pointed)  =  point1(6)) 
presc  :  UaM:AUv:R^b)Uw:R{b!c)  (celli(c(v,  w))  =  celli(u)  ■cell1(iu)) 
tr  :  isGrp(A/iG) 

where  we  use  the  abbreviation  isGrp(X)  :=  is-l-type(X),  such  that  that  given  terms 

•  E  :  Uj, 

•  t  :  isGrp (E), 

•  e  :  A  -)•  E, 

•  p  ■  n a,b:AR(a,b)  ->  (e(a)  =  e(b)), 

•  m  :  naAc:Ani,:R(ai6)n,u,:jR(feiC)(p(c(n,w))  =p(v)  mp(w)), 

there  is  a  recursor  r ec./v(E,  t,  e,p,  m)  :  A/\G  — >  E  satisfying  the  computation  laws 

•  rec./1.(point1(a))  =  e(a)  for  any  a  :  A, 

•  aprec  /  (celli(^))  =  p(z )  for  any  a  :  A,b  :  A,  z  :  R(a,  b ), 
and  for  any  terms 
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•  E  :  Aj iG  — >  lAj~, 

•  t  :  Uy:D\sGrp(E(y)), 

•  e  :  na:AjB(point1(a)), 

•  P  :  na,6:An2:R(a,6)  (celli(z)J  e(a)  =  e(b)), 

•  m  .  no,6,c:Arii;:i?(a,6)nw:fl(6,c) 

(p{c(v,w))  =  =En(ap(_)j(presc(v,  w)),  e(a))  ■  C(p(v),p(w)f) , 

there  is  an  inductor  ind ./V(E,  t,  e,p,  m)  :  IT x:a/1gE(x)  satisfying  the  computation  laws 

•  ind./1.(point1(a))  =  e(a)  for  any  a  :  A, 

•  dapind  /  (celli(^))  =  p(z)  for  any  a  :  A,b  :  A,  z  :  R(a,  b ). 

Definition  189.  For  A  :  U%,  G  :=  (. R ,  — ,  r,  i,  c, . . .)  :  Grp(A),  we  define  the  type  of  groupoid 
quotient  algebras  on  a  universe  Uj  to  be 

GQMgUj(A,G)  :=  £D;WjisGrp (D)  X  (EJe:A-^-D^-‘p:(Tla,b:A)R(a,b)—>(e(x)—e(y)) 

^a,b,c:A^v.R(a,b)^w:R{b,c){p(c(v,w))  =  p(v)  ■  p(w))J 

Definition  190.  For  an  algebra  X  :  GQAIgw.  (A,  G)  with  G  :=  (R,  — ,  r,  i,  c, . . .),  define  the  type 
of  fibered  groupoid  quotient  algebras  on  a  universe  Uk  by 

GQFibAlgWfe  (D,  d,p,  m)  :=  ^ny:DisGrp(JB(|/))  j  x  (£e:(na:A)i?(d(a)) 

'^lq:(Ua,b:A)(nz:R(a,b)){p(z)f  e{a)=e(b))^-a-,b,c-.AAv:R^a)b)Aw-.R{b)c) 

(q(c(v,w))  =  =En(ap(_)s(prc(n,  w)),  e(a))  ■  C(q(v),  q(w)))^j 

Definition  191.  For  algebras  X  :  GQAIgWj  (A,  G)  and  y  :  GQAIgWfc(A,  G),  with  G  :=  (R, . . .), 
we  define  the  type  of  groupoid  quotient  morphisms  from  X  toy  by 

GQMor  ( D,-,d,p , -)  (E,-,e,q,~)  :=  TQMor  (. D,d,q )  (E,e,q) 

Definition  192.  For  algebras  X  :  GQA\gu_  (A,  G)  with  y  :  GQFibAIg^  X,  with  G  :=  (R, . . 
we  define  the  type  of  fibered  groupoid  quotient  morphisms  from  X  toy  by 

GQFibMor  (D,  — ,  d,p,  — )  (E,  — ,  e,  q,  — )  :=  TQFibMor  (D,  d,  q)  (. E ,  e,  q) 

Definition  193.  An  algebra  X  :  GQAIgw.  (A,  G)  satisfies  the  recursion  principle  on  a  universe 
Uk  if  for  any  algebra  y  :  GQAIgWfe  (A.  G)  there  exists  a  morphism  from  X  to  f': 

hasGQRecWfe(A')  :=  (uy  :  GQA\gUj(A,  G))  GQMor  X  y 

Definition  194.  An  algebra  X  :  GQAIgw  (A,  G)  satisfies  the  induction  principle  on  a  universe 
Uk  if  for  any  fibered  algebra  y  :  GQFibAIg^,  X  there  exists  a  fibered  morphism  from  X  to  f': 

hasGQIndWfe(A’)  :=  (liy  :  GQFibAlgWfe  x')  GQFibMor  X  y 
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Definition  195.  An  algebra  X  :  GQAIgw  (^4,  G)  is  homotopy-initial  on  a  universe  Uj.  if  for  any 
other  algebra  y  :  SQAIgWfe  {A.  G)  the  type  of  morphisms  from  X  toy  is  contractible: 

isGQHInit«fc(*)  :=  (ny  :  GQAIgWj .{A,  G))  isContr(GQMor  X  y) 
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4.3.2  Homotopy-initiality  for  Groupoid  Quotients 

We  aim  to  show  the  following  analogue  to  our  main  theorem  for  W-quotients: 

Theorem  196.  [fH  +  W)  For  A  :  U,,  G  :  Grpf/1),  the  following  conditions  on  an  algebra 
X  :  GQAIgW/  (A,  G)  are  equivalent: 

•  X  satisfies  the  induction  principle  on  the  universe  Uk 

•  X  is  homotopy -initial  on  the  universe  Uk 
for  k  >  j.  In  other  words,  we  have 


hasGQIndWfc(A’)  ~  isGQHInitWfc(A’) 


provided  k  >  j.  Moreover,  the  two  types  above  are  mere  propositions. 

Fix  k  >  j,  type  A  :  U,  and  groupoid  G  :=  ( R ,  — ,  r,  i,  c, . . .).  We  aim  to  establish  the  above 
theorem  by  encoding  each  if  as  a  1-truncation  of  a  suitable  W-quotient  algebra  and  invoking 
theorem  152  We  first  need  to  fix  the  parameters  for  the  W-quotient,  which  already  requires 
some  work.  Let  us  fix  an  algebra  (S',  b,  Ip)  :  S-AlgWo  which  satisfies  the  induction  principle  on 
UmSx(i,k)  and  an  algebra  (T,  pT,  cT)  :  T QAIgw.  (A.  R )  which  satisfies  the  induction  principle  on 
Uk-  Let  D  \=  T,aAc:AR(a,b)  x  R(b,c). 


Define  a  map  f  :  D  — >  S  — *  T  by  recursion  on  the  second  argument,  with  b  h->-  pT(c)  and 
Ip  i->  ( cT(v )  ■  cT(w))  1  ■  Ct( c(v,  w))  for  any  d  ■—  (a,  b,  c,  v,  w)  :  D.  Hence  we  have  a  family 
of  paths  /3f(d)  :  f  (d,  b)  =  pr(c)  and  a  family  of  higher  paths  Of(d)  witnessing  the  following 
commuting  diagram: 


f  (d,  b) 

m) 

Pt(c) 


3Pf(d)0p) 


(c t(v)-ct(w))  i*cT(c (v,w)) 


f  (d,  b) 

Pf  (d) 

P  t(c) 


The  intuition  behind  this  definition  is  to  help  us  construct  the  “presc”  component  of  a  groupoid 
quotient  algebra,  as  we  will  see  shortly. 


The  parameters  for  our  W-quotient  will  be  as  follows.  For  the  “A”  parameter,  which  encodes 
the  type  of  labels  for  points,  we  will  use  T  +  D.  The  left  component  serves  to  embed  the  type 
quotient  T  into  our  W-quotient  and  the  right  component  introduces  a  “hub”  point  for  each  d  :  D, 
which  will  be  used  to  ensure  that  f  composed  with  the  embedding  of  T  into  the  W-quotient  is 
homotopy-constant.  This  will  imply  that  (ct(v)  ■  Ct(uj))  •  cT{c(v,  w))  when  mapped  into  the 
W-quotient  becomes  the  identity  path,  which  is  what  we  want  for  the  construction  of  presc. 

Since  all  of  labels  described  above  are  nullary,  the  “B”  parameter,  which  encodes  the  arity  of 
each  point  label,  will  always  return  0.  For  the  “C"  parameter,  which  encodes  the  type  of  labels 
for  paths,  we  will  use  D  x  S.  A  term  (d,  x )  will  stand  for  the  “spoke”  going  from  the  embedding 
of  f  (d,  x )  to  the  hub  point.  The  maps  1,t:  DxS—tT  +  D  encode  this  intuition:  we  define  the 
map  1  by  (d,  x)  t-)-  inl(f  (d,  x))  and  the  map  r  by  (d,  — )  i-)-  inr(d). 
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Fix  an  algebra  (W,  pw,  cw)  :  WQAIg^  (T  +  D:  _  0,  D  x  S,  1,  r)  which  satisfies  the  in¬ 

duction  principle  on  Uk ■  Finally,  define  a  function  h  :  T  — »  W,  which  will  be  the  aforementioned 
embedding  of  T  into  IF,  by  y  i— >•  pu'(inl(y),  /0),  where  /0  is  the  canonical  function  out  of  0  to 
IF. 

We  are  now  ready  to  prove  that  the  groupoid  quotient  algebras  are  really  the  same  thing  as 
1 -truncation  algebras  over  the  W-quotient  W.  We  note  that  we  need  to  use  the  parameter  n  :=  3 
to  obtain  a  1 -truncation. 

Lemma  197.  (H  +  W)  We  have  a  function 

TrToGQAIg  :  TrAlgWj  (3,  W)  ->  GQAIg^G) 
which  is  an  equivalence. 

Proof.  We  first  introduce  some  notation  that  will  be  used  throughout: 


•  For  any  t  :  0  — *  W,  we  have  a  path  a*(t)  :  f0  =  t  witnessing  the  fact  that  /0  is  the  unique 
function  out  of  the  empty  type. 

•  For  any  u  :  a  —Y  b  and  c  :  Z,  we  have  a  path 

apc(c, u)  :  ap _^c(u)  =  lc 

defined  by  induction  on  u. 

•  For  any  /,  g  :  Y  — >  Z,  and  u,v  :  a  —Y  a,  and  7  :  /  =  g,  6  :  u  —  v,  we  have  a  function 

'dc(7,  S)  :  (apff(u)  =  ls(a))  -)•  (ap/(w)  =  l/(a)) 

defined  by  induction  on  7  and  S. 

•  For  any  u,  v  :  a  =Y  b,  we  have  equivalences 

li  :  (10  ■  u  =  v )  (u  =  v) 

Zr  :  (u  —  v  ■  1&)  —)■(«  =  n) 

•  For  a  function  f  :  Y  —>■  Z  and  paths  u  :  a  —Y  a,  v  :  a  —Y  b,  w  :  d  =Y  b,  Wi  :  d  —Y  c, 
w2  :  c  —Y  b,  as  in  the  diagram 


u 


(w  1  ■  wf)  1  ■  w 


we  have  a  map 

He  ■  (n  ■  {(wi  ■  w2)~l  ■  w)  —  u’v'j  — > 

(ap f(u)  =  l/(o))  ->•  (ap f(w)  =  apf(w1)-apf(w2)^ 

defined  by  induction  on  v,  u>i,w2,  and  subsequently  mapping  any  6  :  la  ■  (10  ■  w)  —u'la 
to  the  term  idc(l/,Xj(X;(2r(0)))). 
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•  For  d  :  D,  let  f*(d)  :=  pw-(inr(rf),  /0).  Then  the  composition  hof(d)  is  equal  to  the 
constant  map  on  f*(d),  as  evidenced  by  the  path 

Vf{d)  ■=  UE=(x  ^  cw((d,x),f0,fo)) 

This  implies  that  the  term  aph  0  f^(lp)  is  equal  to  reflexivity,  as  witnessed  by  the  path 

Vf (d)  :=  idc^f(d),  l|P,apc(f*(d),  Ip) ) 

Of  course,  the  term  aph(apf^(lp))  is  then  also  equal  to  reflexivity,  as  witnessed  by  the 
obvious  path  df(d)  := 


aPh(aPf(d)(!p)) - aPh  o  f  (d)  (Ip) - l 

Finally,  it  follows  that  the  term  ap|_|YO  h  (a pf f r/) Op))  is  equal  to  reflexivity,  as  evidenced  by 
the  path  ef  (d)  := 


aP|-|xoh(aPf(d)(lp))  - apHx(aph(apf(d)(lp)))  - aP|-u(1) 

Furthermore,  we  will  use  the  following  observation: 

•  Observation:  Given  a  type  family  Y  :  W  — >  Uk  and  function  g  :  Hy:TY ,  if  each 
fiber  of  Y  is  a  set  then  there  is  a  function  /  :  Tlw:wY(w )  such  that  f(h(y))  =  g(y )  for  any 
y  :  T. 

To  prove  this  claim,  we  construct  the  desired  function  /  by  induction.  For  this  we  first 
need  to  define  a  map 


e  :  Ux:T+DUt:0^w(Ub:0Y{t  6))  — *  Y(pw(x,t)) 

We  define  e(x,  t,  — )  :=  e(x,  t,  a*(t)),  where  for  any  x  :  T  +  D,  t  :  0  — >■  W,  a  :  t  =  f0,  the 

term 

e(x,  t,  a)  :  E(pw(x,  t)) 

is  defined  by  one-sided  path  induction  on  a  and  the  subsequent  mapping 

ini (y)  g{y) 

inr(d)  ^  c w((d,  b),  /0,  /0)f  g(f(d,  b)) 

To  complete  the  inductive  definition  we  need  to  construct  a  map 

q  ■  nc:DxSni:o^W'nS:o^wnI1;(nfeo)y(t  $ 

(c w(c,  t,  s)J  e(l(c),  t,  u)  =  e(r (c),  s,  v)^j 
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We  define  q(c,  t,  s,  — ,  — )  :=  q(c,  t,  a+(t),  s,  a*(s)),  where  for  c  :  D  x  S,  t  :  0  — »  W7, 

:  t  =  f0,  s  :  0  — y  W,  as  :  s  =  f0,  the  term 

q(c,  t,  at,  s,  as)  :  c w(c,  t,  s)*  e(l(c),t,  at)  =  e(r (c),  s,  as) 

is  defined  by  one-sided  path  induction  on  at,  as,  and  the  subsequent  mapping  (d,  x )  i-)- 
q '(d,  x ).  Here  for  any  d  :  D,  x  :  S,  the  path  family 

q \d,x)  :  cw((d,x)J0,fo)l  9{f(d,x))  =  cw({d,b),fo,fo)t  s(f(d,b)) 

is  defined  by  induction  on  x  (we  can  do  this  since  k  <  max(z,  k)),  mapping  b  i — >  1 .  We  do 
not  have  to  supply  a  mapping  for  the  path  constructor  Ip  since  by  assumption,  each  fiber  of 
Y  is  a  set  and  this  makes  the  type  of  q '(d,  x)  a  mere  proposition. 

We  now  proceed  in  four  steps: 

Step  1  First  we  define  TrToGQAIg;  for  this,  take  an  algebra  (X,  tx,  \  -  |x)  :  TrAIg^  (3,  W).  To 
construct  a  group  quotient  algebra,  we  can  use  the  same  underlying  type  X,  with  tx  showing  it 
is  a  1-type  as  desired.  For  the  third  component,  we  need  a  function  px  :  A  — >  X.  The  only 
real  possibility  we  have  is  to  define  p.v(a)  :=  |h(pT(a))|x-  To  obtain  the  fourth  component,  we 
need  a  function  cx  mapping  each  a,b  :  A,  z  :  R(a,  b)  to  a  path  from  |h(pr  (a))|.Y  to  |h(pr(6))|  A'- 
Again,  the  only  obvious  choice  we  have  (up  to  homotopy)  is  to  define  cx(z)  ■—  ap|_|xD  h(cr(^)). 
To  obtain  the  final  component,  we  need  to  exhibit  a  path 

m x(v,w)  :  cx(c(v,w))  =  cx(v)  •  cx(w) 

for  any  a,b,c  :  A,  and  v  :  R(a,  b),  w  :  R(b ,  c).  For  this,  we  define  mx(v,  w)  :=  T-Lc(9f  (d),  ef  (d)), 
where  d  (a,  b,c,v,w). 

Step  2  We  define  the  intended  quasi-inverse  GQToTrAIg;  fix  an  algebra  (A",  tx,  px ,  cx,  m  Y)  : 
GQAIgWj(A,  G).  To  construct  a  truncation  algebra,  we  can  use  the  same  underlying  type  X, 
with  tx  showing  it  is  a  1-type  as  desired.  To  obtain  the  last  component,  we  need  a  function 
W-to-X  :  W  — >  X.  For  this  we  will  first  need  a  function  T-to-X  :  T  — >  X.  We  proceed  by 
recursion  (we  can  do  this  since  j  <  k ),  mapping  p T(a)  t-)-  px(a)  for  any  a  :  A  and  Ct(z)  i-)- 
cx(z)  for  any  a,  b  :  A,  z  :  R(a ,  b).  The  first  computation  rule  then  gives  us  a  family  of  paths 
(3t- to-x(a)  :  T-to-X (pT(a))  =  px(a)  for  a  :  A,  and  the  second  computation  rule  implies  the 
commutativity  of  the  following  diagram  for  any  a,b  :  A,  z  :  R(a,  b): 


m  /  n  aPT-tO-A'(CT(2))  _  .... 

T-to-X(pT(a))  - T-to-X(pT(b)) 


PT-to-x(a) 

Pa  (a) 


cx(z) 


0T-to-X  {b) 

Px  (b) 
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To  obtain  W-to-X  we  again  proceed  by  recursion.  For  this  we  first  need  to  define  a  function 
e  :  T  +  D  — »  (0  — *  A")  — »  A";  we  do  so  by  mapping  inl(y),  _  (->■  T-to-X(y)  and  inr(d),  _  i-G 
T-to-X(f(d ,  b)).  It  remains  to  construct  a  q  :  nc:£)X5nK:o->xIIB;o^(e(l(c),  m)  =  e(r(c),n)). 
For  this,  it  suffices  to  prove  the  following: 

•  Goal:  For  any  d  :  D,x  :  S,  there  exists  a  path  family 

Cf(d,x )  :  T-to-X(f(d,  a;))  =  T-to-X(f(d,  b)) 


We  can  then  define  q((d,  x),  — ,  — )  :=  Cf(d,  x).  To  prove  the  existence  of  the  function  Cf,  we  will 
make  use  of  the  following  easy  claim: 


•  Claim:  For  a  type  Z  :  Uk  and  map  /  :  S  —?  Z,  if  apy(lp)  =  1  then  there  is  a  type  family 

c(x)  :  f(x)  =  /(b). 


By  the  above  claim  it  suffices  to  show  that  apr_to_XofM)(lp)  =  1  for  any  d  :  D.  Fix  d  := 
(a,  6,  c,  v ,  w)  :  D.  It  now  suffices  to  establish  the  following  generalization:  given  terms 

•  xk  :  T  and  yk  :  X  for  k  G  {1, 2,  3}, 

•  7 k  :  T- to-X(xk)  =  yk  for  k  G  {1,  2,  3}, 

•  p  :  x1  =  x3  and  qk  :  xk  =  xk+1  for  k  G  {1,  2}, 

•  /3  :  f  (d,  b)  =  x3, 

•  sk  :  yk  =  yk+i  for  k  G  {1,  2}, 

•  0  :  P  1  (0?i  mQ2)~1  ‘p)  =  apf(d)(lp)  ■  A 

we  have  apr_to_Xof((i)(lp)  =  1  provided  the  diagrams  below  commute  for  k  G  {1,  2}: 


T-  to-A'(xi) 


aPT-to-x(f*) 


T-to-X(x3) 


7i 

yi 


73 

- 2/3 

Si  ■  S2 


T-to-X(xk) 


aPT-to-x(Qk) 


T-to-X(xk+i) 


7 fc 


7fc+i 


2/fc 


2/ife+i 


We  instantiate  this  generalization  by  71  :=  f3T-to-x(a),  72  :=  /3T-to-x{b),  73  :=  /3r-to-x(c), 
p  ■■=  cT(c(v,  w)),  gi  :=  cT(v),  q2  '■=  cT(w),  f3  :=  /3f(d),  s  1  :=  Cx(f),  S2  :=  cx(w),  61  :=  Of(d). 
The  commutativity  of  the  diagrams  in  the  hypotheses  is  implied  by  the  second  computation  rule 
for  T-to-X  and  mx(v,  w). 

Finally,  to  prove  this  generalization  we  perform  one-sided  path  induction  on  (3,  71,  72,  73,  qi, 
q2.  The  commutativity  of  the  diagrams  in  the  hypothesis  becomes  equivalent  to  the  conditions 
a  Pr-to- a'  (p)  =  Si  ■  s2  for  the  first  diagram  and  s\  =  1,  s2  =  1  for  the  remaining  two.  Performing 
one-sided  path  induction  on  these  last  two  conditions  then  replaces  si  and  s2  with  reflexivities, 
and  the  first  condition  thus  reduces  to  apT_to_x(p)  =  1. 

Moreover,  we  now  have  an  assumption  9  :  1  ■  p  —  apf(-d)(lp)  ■  1,  which  is  equivalent  to  as¬ 
suming  p  =  apf(d)(lp).  Performing  a  one-sided  path  induction  on  this  latter  assumption  replaces 
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V  with  apf(d)(lp),  giving  us  apT_to_x(apf(d)(lp))  =  1.  This  implies  apr_to_Xof(d)(lp)  =  1  as 
desired. 

Although  we  are  done  with  this  step,  it  will  be  useful  to  note  that  since  W-to-X  was  defined 
by  recursion,  the  first  computation  rule  gives  us  a  family  of  paths 

Pw-to-x(y)  :  W-to-X(h{y))  =  T-to-X(y) 

for  any  y  :  T. 


Step  3  We  now  want  to  show  that  for  any  groupoid  quotient  algebra  X  :  GQAIg^  (A,  G),  we 
have  TrToGQAIg(GQToTrAlg(A))  =  X.  Let  such  an  algebra  (X,tx,px,cx,mx)  be  given. 
The  first  and  second  components  of  TrToGQAIg(GQToTrAlg(A",  tx,  pxXx,  mx))  are  X  and 
tx  themselves.  The  third  and  fourth  components  are  the  maps  a  i— >  IL-to-A"(h(pT(a)))  and 
a,b,z^A  aPw-to-Xo  h  (ct(z))  respectively. 

The  type  of  the  final  component  is  a  mere  proposition,  so  all  we  need  to  show  is  that  there 
is  a  path  7  equating  the  third  component  with  p x,  such  that  the  fourth  component  transported 
along  7  among  the  fibers  of  the  type  family  /  naib:y4n z:R(a,b)(f(a)  =x  f(b ))  is  equal  to  cx. 
An  easy  generalization  and  path  induction,  with  an  appeal  to  function  extensionality,  shows  that 
the  latter  condition  is  equivalent  to  the  assertion  that  the  diagram  below  commutes  for  all  a,  b,  z: 


rrr  /  /  \  \  \  aPlV-tO-A'o  h(CT(zj)  ,  , 

If  -to-X(h(pr(a))J  - If  -to-X(li(pr(6))J 


=En(7,a) 

Pa  (a) 


cy(z) 


=En(7,  b) 
P  x(b) 


To  construct  7,  we  put 

7  :=  nE~^a  (->•  fiw-to-x ( Pt (o) )  '  f$T-to-x{a)  j 

It  now  suffices  to  show  that  the  outer  rectangle  in  the  diagram  below  commutes: 


W-to-X  (h(pT(o))) 

Pw-to-x{PT(a)) 

T-to-X (pT(a))  - 

P T-to-x(a ) 

P x{a)  - 


aPlV-to-Ao  h (ct(z)) 


A 


aPT-to-A-(cr(-)) 

B 


cx(z) 


W-to-X  (h(pr(6))) 

Pw-to-x(PT(b)) 

-  T-to-X (pT(b)) 

Pr-to-x  (b) 
- Pa  (6) 


But  rectangle  A  commutes  by  an  easy  path  induction  and  rectangle  B  commutes  by  the  second 
computation  rule  for  T -to- A",  so  we  are  done. 
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Step  4  Finally,  we  want  to  show  that  for  any  truncation  algebra  X  :  TrAlgw  (3,  W),  we 
have  GQToTrAlg(TrToGQAIg(A))  =  X.  Let  such  an  algebra  (X,tx,\  ■  |x)  be  given.  The 
first  and  second  components  of  GQToTrAlg(TrToGQAIg(A",  tx,  |  -  |x))  are  X  and  tx  them¬ 
selves.  The  third  component  is  the  map  W- to- A".  We  need  to  show  that  for  any  w  :  W  we 
have  W-to-X(w)  =  \w\x.  Since  the  type  W-to-X(w )  =  \w\x  is  a  set  for  any  w  :  W,  by 
an  earlier  observation  at  the  beginning  of  the  proof  of  lemma  |197|  it  suffices  to  show  that  for 
any  y  :  T  we  have  FF-to-A"(h(y))  =  |h(y)|x-  However,  we  recall  that  we  have  the  path 
/ 3w-to-x{y )  :  W-to-X(\i(y))  =  T-to-X(y).  Hence  it  suffices  to  show  that  T-to- X (y)  =  |h(y)|x 
for  any  y  :  T. 

We  proceed  by  induction,  mapping  p T(a)  (3T- to-x(a)  for  any  a  :  A.  To  map  cT(z)  for 
a,b  :  A,  z  :  R(a,  b ),  we  need  to  show  that  /3T-to-X{a )  transported  along  cT(z )  among  the  fibers 
of  the  type  family  x  i-)-  T-to-X(x)  =  |h(x)|x  is  equal  to  3r-to-x(J>).  An  easy  generalization  and 
path  induction  shows  that  this  is  equivalent  to  the  assertion  that  the  diagram  below  commutes: 


„  ,,,  .  ,,  aPT-to-A'(cr("))  „  ,,,, 

T-to-A(pr(a))  - T-to-X(pT(6)) 


PT-to-X(a) 

|h(pT(a))U 


api_i.oh(cT(z)) 


/?T-to -X(b) 

|h(pr(fc))U 


But  this  is  implied  by  the  second  computation  rule  for  T-to-A,  as  observed  earlier.  □ 

Lemma  198.  (W.  +  W)  For  an  algebra  X  :  Jr/\\gu.  (3,  W)  we  have  a  function 

TrToGQFibAIg  :  TrFibAlgWfc  X  -X  GQFibAIg^  ^TrToGQAIg  x'j 

which  is  an  equivalence. 

Proof.  Fix  an  algebra  X  :=  (A ,tx,  \  ■  \X)  :  TrAlgw  (3,  W).  We  recall  that  TrToGQAIg  X  is  the 
algebra  (A,  tx,  PX,  cx,  mx),  where 

Px(a)  :=  |h(pT(a))|x  for  a  :  A 

Cx(z)  :=  ap|_|xoh(cT(^))  for  a,  b  :  A,  z  :  R(a,b ) 

mx(n,  w)  :=  Rc(0f(d),Sf(d))  for  a,b,c:A,v:  R(a ,  b ),  w  :  R(b,  c )  with  d  :=  (a,  b ,  c,  v ,  w ) 

We  will  also  make  use  of  the  following  notation: 

•  For  a  map  /:[/’—>■  Z,  type  family  Y  :  V  — >  Urn,  terms  y\  :  Y(f(x i))  and  y2  :  Y (/(x2)), 
and  paths  p  :  x\  —u  x2  and  q  :  oi  y\  =  y2  we  have  an  equivalence 

Vf(q)  ■  (pXof  vi  =  vi)  -  ((ap f(p))l  yi  =  y^j 

defined  simply  by  mapping  q  to  the  path 
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(aP f(p))l  2/i 


q 


2/2 


We  note  that  we  will  only  be  interested  in  the  specific  case  when  /  :=  |  •  \x  °  h  and  will  thus 
omit  the  subscript  to  T>f{q).  We  now  proceed  in  four  steps: 

Step  1  First  we  define  TrToGQFibAIg;  for  this,  take  an  algebra  ( E ,  tE,  |  •  |B)  :  TrFibAlg^fc  X . 
To  construct  a  fibered  group  quotient  algebra,  we  can  use  the  same  underlying  type  E,  with 
tE  showing  it  is  fiberwise  a  1-type  as  desired.  For  the  third  component,  we  need  a  function 
p e  '■  na:A-E(|h(pT(a))|.Y)-  The  only  possibility  we  have  is  to  define  pE(a)  :=  |h(pr(a))|,E.  To 
obtain  the  fourth  component,  we  need  a  function  cE  mapping  each  a,b  :  A,  z  :  R(a,  b )  to  a  path 
from  (ap|_|YOh  M-)))f  |h(pr(a))|Bto  |h(pT  (b))\E.  Using  the  notation  from  above,  we  define 
cE(z)  '■=  T,(dap|_|BOh(cT(2;))),  which  makes  sense  since  the  term  dap|_|jjoh(cT(^))  provides 
us  with  a  path  from  cT(z)*  °Hx°h  |h(pT(a))|£;  to  |h(pT(6))|B.  To  obtain  the  final  component 
of  our  desired  fibered  groupoid  quotient  algebra,  we  need  to  show  that  for  any  a,b,c  :  A  and 
v  :  R(a.  b),  w  :  R(b,  c),  the  following  diagram  commutes: 


via  rriA'(^,  w) 


(cx{c 0,w)))f  Pij(a) 


(cx(v)  •  cx(w)) f  p E(a) 


To  show  this,  fix  a,  b,  c,  v ,  w  with  d  :=  (a,  b,  c,  v,  w ),  and  consider  the  following  generalization: 
given  terms 

•  p  :  x  =T  x,  q  :  x  =T  i/3,  r  :  yi  =T  2/3,  n  :  y1  =T  y2,  r2  :  y-2  =t  2/3,  as  in  the  diagram 


P 


x 


x 


q 


2/3  — 


(n  ■  r2) 


•  6  :  qm  ((rx  ■  r2)  1  ■  r)  =  p  ■  q, 

*  7  :  aPhb)  =  1, 


the  following  diagram  commutes 
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where  e  denotes  the  path 


aphkoh  (p) - aP|_lY(aph  (p))  UaJ  aP|-|x(1) 

To  show  that  the  above  generalization  implies  our  original  goal,  we  instantiate  p  apflV/j('lp), 

q  :=  /3f(d),  r  :=  cT(c(v,  w)),  r1  :=  cT(v),  r2  :=  cT(w),  9  :=  6t(d),  7  :=  $f  (d). 

To  prove  our  new  goal,  we  perform  path  induction  on  77  and  r2.  This  reduces  the  above 
diagram  to 


,  p  viaH c(0,e) 

(apHxoh(r))*  lh(yi)U - (l)f  |h(yi)U 

T)(dap|_|goh(r)) 

lh(yi)U 

To  show  that  this  simplified  diagram  commutes,  we  first  note  that  for  a  general  r'  :  y\  —  y\  we 
can  express  the  path  T>(dap|_|£;oh(r/))  is  an  equivalent  way,  as  justified  by  the  diagram  below 
which  commutes  by  an  obvious  path  induction: 


(aPl-U.hM)^  |hfei)U 


(ap|_u(aph(r')))f  |h(j/i)|E 


(ap„C''))f°IHx  IM»i)li 


(r0f  °Hxoh  Ihfa)!, 


daP|-|Eoh(^') 


dap,,  (aph(r-')) 


Specializing  this  situation  to  r'  :=  r,  it  suffices  to  show  that  the  outer  rectangle  in  the  diagram 
below  commutes: 
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(aPi-u oh(r))f  lh(yi)U 


via  Hc(0,  e) 


(l)f  |h(yi)U 


(aP|-|x(aPh(r)))f  lh(yi)U 


(aPh(r))f °  X  |h(yi)U 


via  He  (0, 7) 

B 


(aPi_uCi))f  |h(yi)U 


dap,_,  (aph(r-)) 


|h(yi)| 


E 


It  suffices  to  show  that  the  rectangles  A  and  B  commute.  The  commutativity  of  B  follows 
by  generalizing  Hc(9, 7)  together  with  its  left  endpoint  aph(r)  and  performing  a  one-sided  path 
induction.  To  show  the  commutativity  of  A,  we  first  perform  a  path  induction  on  q.  This  reduces 
the  terms  Rc(9,e)  and  Tic{9, 7)  to  idc(l|_|^  oh, XZ(XZ(XT.(6>))),  er)  and  idc(lh,Z;(Zz(Zr(6>))),  7) 
respectively.  Since  9  now  has  type  1  ■  (1  ■  r)  =  p  ■  1,  li(li(lr(9)))  has  type  r  =  p.  Thus, 
generalizing  Z/(Z/(Zr(0)))  and  performing  a  one-sided  path  induction  on  it  replaces  r  with  p  and 
reduces  the  terms  idc(l|^|Y  oh,Z;(Z;(Zr(0))),e)  and  idc(lh,Z;(Z;(Zr(6*))), 7)  to  e  and  7  them¬ 
selves.  Hence  we  are  down  to  showing  that  the  diagram  below  commutes: 

(aP|_, jc0h(p))f  |h(x)|i 3 - — - (l)f  |h(x)|s 


(aP|-|x(aP h(p)))f  lh(x)U - — -  (aP|-U (1))f  lh(^)U 


But  this  follows  immediately  from  the  definition  of  £  and  we  are  done. 


Step  2  We  define  the  intended  quasi-inverse  GQToTrFibAIg;  fix  algebra  (. E,tE ,  p e,  ce,  mg)  : 
GQFibAlg^fc  (TrToGQAIg  X).  To  construct  a  fibered  truncation  algebra,  we  can  use  the  same 
underlying  type  family  E,  with  tE  showing  it  is  fiberwise  a  1-type  as  desired.  To  obtain  the  last 
component,  we  need  a  function  W-to-E  :  Iiw:wE{\w\x)-  For  this  we  will  first  need  a  function 
T-to-E  :  Uy:TE(\h(y)\x).  We  proceed  by  induction,  mapping  pT(a)  1— >  p£(a)  for  any  a  :  A 
and  Ct(z)  V~1(ce(z))  for  any  a,b  :  A,  z  :  R(a,b).  This  definition  makes  sense  as  cE(z) 
provides  us  with  a  path  from  (ap|_|xoh(cr(^)))  p E(a)  to  p #(&);  this  means  that  applying  T>~1 
to  it  produces  apath  from  cT(z)*°^x°h  pE(a)  to  p  E{b)  as  desired. 

The  first  computation  rule  gives  us  a  family  of  paths  fix-to-Eia)  '■  T-to-E {pT(a))  =  p E(a) 
for  a  :  A,  and  the  second  computation  rule  implies  the  commutativity  of  the  following  diagram 
for  any  a,b  :  A,  z  :  R(a,  b ): 
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CT(^)fo1  U°h  T-to-E(pr(a)) 

via  fir-to- E{a) 

cT(z)?°\-\x°hpE(a) - 


daPT-to -e(ct{z)) 


T-to-E(pT(b)) 


Pr-to -E(b) 


V-Hce(z)) 


P  E(b) 


To  obtain  W-to-E  we  again  proceed  by  induction.  For  this  we  first  need  to  define  a  function 

e  :  n3.:T_KDnt:o_5.ly  (lWE(|f  b\x))  — >■  E(\pw(x,t)\x) 

We  define  e(x,  t,  — )  :=  e(x,  t,  a*(t)),  where  for  any  x  :  T  +  ZT  t  :  0  — »  W,  a  :  t  =  /0,  the  term 

e(x,f,a)  :  E(\pw(x,t)\x) 

is  defined  by  one-sided  path  induction  on  a  and  the  subsequent  mapping 
inl(y)  T-to-E(y) 

inr(rf)  ^  cw((d,  b), /0, /0)f  ° l_|x  T-to-E(f(d,b)) 

To  complete  the  inductive  definition  we  need  to  construct  a  function 

Q  '■  nc:Z5xS'nt:0_).M/ns:0— >iyn„:(nb:0)E(|t  fe|x)n^:(rtt;0)£;(|s  b\x) 

(cw(c,t,  s)fo|_lx  e(l(c),  t,  u)  =  e(r (c),s,v)j 

For  this  it  suffices  to  prove  the  following: 

•  Goal:  For  any  d  :  D,x  :  S,  there  exists  a  path  family 

cf(d,x)  :  cw((d,x),fo,fo)?°Hx  T-to-E(i(d,x))  = 
c w((d,  b),  /o,  T-to-E(f(d,  b)) 

We  can  then  define  q(c,  t,  s,  — ,  — )  :=  q(c,  t,  cc*(f),  s,  a*(s)),  where  for  c  :  D  x  S,  t  :  0  — >  W, 
at  :  t  =  /o,  s  :  0  — >  W,  as  :  s  =  f0,  the  term 

q(c,  t,  at,  s ,  as)  :  cw(c,  t,  s)f ' ° Hx  e(l(c),  t,  at)  =  e(r(c),  s,  as) 

is  defined  by  one-sided  path  induction  on  at,  as,  and  the  subsequent  mapping  (d,  x )  (->•  Cf(d,  x). 
To  prove  the  existence  of  the  function  Cf  as  specified  above,  we  will  make  use  of  the  following 
claim: 
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•  Claim:  For  a  type  Z  :  Ut,  type  family  Y  \  Z  —t  Uk,  maps  r  :  S  — >  Z,  f  :  EC-sT^r/a;)), 
term  z*  :  Z,  and  path  a  :  r  —  \y-.s)Z *,  if  dap ^  (Ip)  is  equal  to  the  path 

op)r/(b) 

(aPrOp))!  /(b) 

via  idc(a,  l|p,  apc(z*,  Ip)) 

(i)r  /(b) 


w 


then  there  is  a  path  family 

c(z)  :  (=En(a,a;)^  f{x)  =  (=En(a,  b))^  /(b) 


To  prove  this  claim,  we  proceed  by  induction  on  a.  The  term  idc(a,  l|p,  apc(z*,  Ip))  then 
becomes  just  apc(z*,  Ip).  Furthermore,  it  reduces  the  problem  to  that  of  finding  a  path 
family  c(x)  :  f(x)  =  f(x).  As  observed  before,  for  this  it  suffices  to  show  that  ap^ (Ip)  = 
1,  which  is  well-typed  since  r  is  now  a  constant  function  on  z+,  which  makes  /  a  non¬ 
dependent  function  from  S  to  Y{z+).  We  now  generalize  this  situation  by  considering  an 
arbitrary  p  :  x  1  —  X2  instead  of  Ip.  By  an  obvious  path  induction,  dap^(p)  is  equal  to  the 
path  below: 


P 


Y  o  r 
* 


fix  i) 


(ap r{p))l  fix l) 

via  apc(z*,p) 

(i)r  /(*  i) 

ap  f(p) 
fix  2) 

Performing  the  instantiation  p  :=  Ip,  we  see  that  by  assumption,  the  term  dap^ (Ip)  is  in 
fact  equal  to  the  composition  of  th e  first  two  equalities  in  the  above  path,  which  means  we 
must  necessarily  have  apy(lp)  =  1  as  desired. 
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Having  proved  the  claim,  we  now  return  to  our  original  goal  of  constructing  Cf.  We  fix 
d  :=  ( a,b,c,v,w )  :  D  and  instantiate  the  above  claim  by  putting  Z  :=  W,  Y  :=  E  o  |  •  \x, 
r  :=  h  o  f(d),  /  :=  T-to-E  of  (d),  z*  :=  f*(d),  a  :=  rjf(d).  Recalling  the  definition  of  r/f  (d)  and 
noting  that  =En  and  11  E=  are  quasi-inverses,  we  see  that  the  conclusion  of  the  claim  guarantees 
the  existence  of  our  desired  Cf .  It  therefore  remains  to  establish  the  hypothesis  of  the  claim,  that 
is,  show  that  dapT_to_E  0  f^(lp)  has  the  form  specified  in  (*).  This  is  precisely  the  conclusion  of 
the  following  generalization:  given  terms 

•  xk  :  T  and  yk  :  £(|h(a;fc)|x)  for  fc  G  {1,2,3}, 

•  7 k  :  T-to-E(xk)  =  yk  for  k  G  {1, 2,  3}, 

•  p  :  x1  =  x3  and  qk\  xk  =  xk+1  for  k  G  {1,  2}, 

•  f3  :  f  (d,  b)  =  x3, 

•  sk  :  (aP|-|xoh(?fc))  Vk  =  Vk+i  for  k  G  {1,2}, 

•  0  :  p  ■  ((<?i  'q2)~l  ‘p)  =  apf(d)(lp)  ■£, 
the  term  dapT.to.Eof(^(lp)  is  equal  to  the  path 

(!p)f 0  hU° h  ° f(d)  T-to-E (f(d,  b)) 

(aPhof(d)(lp))f 0|_k  T-to-E(f (a,  b)) 
via  Vf(d) 

(l)f°Hx  T-to-E(f(d,b)) 


provided  the  diagrams  below  commute  for  k  G  {1,  2}: 

dapr-to-eO3) 


P 


E  o  |  — |.y°  h 


via  7i 


E o I  —  I  x°  h 

p *  y  i 


oHx°h  T-to-E(xk) 


(Qk) 


via  7fc 

E  o  |  —  |A-o  h 


Vk 


V~\k) 

dapr-to-El^fc) 


V-\sk) 


T-to-E(x3) 


T-to-E(xk+1) 


7fc+i 


Vk+i 
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Here  k  denotes  the  following  path: 


(aP|-l*oh(p))f  Vi 

via  £{{d)) 

(aP|-|xoh(9i)-aP|-|xohfe))^  Vi 
C(si,  52 ) 

V3 


We  instantiate  this  generalization  by  71  :=  f3T-to-E(a),  72  :=  f3T-to-E(b),  73  :=  /3T-to- e(c), 
p  :=  cT(c(v,w)),  q1  :=  cT(v),  q2  ■=  cT{w),  f3  :=  (3f(d),  si  :=  cE(v),  s2  :=  cE(w;),  6>  :=  6f(d). 
The  commutativity  of  the  diagrams  in  the  hypotheses  is  implied  by  the  second  computation  rule 
for  T-to-E  and  m E(v,w). 

Finally,  to  prove  this  generalization  we  perform  one-sided  path  induction  on  (3,  71,  72, 
73,  ?i,  q2-  This  reduces  the  term  Hc(9,£f(d ))  to  idc(l|_|xoh,X;(Xi(Ir(6*))),£f((i)),  and  the 
commutativity  of  the  first  diagram  in  the  hypothesis  then  becomes  equivalent  to  the  condition 
dapr-to-E(p)  =  X>^1(k),  where  k  is  the  path 

(aP|_|xoh (P))f  X-to-E(f(d,  b)) 

via  idc(l|_|jeoh,2i(J/(2r(0))),ef(d)) 

(l)f  T-to-E(f(d,  b)) 

C(si,s2) 

T-to-^(f(d,  b)) 

Furthermore,  the  commutativity  of  the  remaining  two  diagrams  in  the  hypothesis  becomes 
equivalent  to  the  conditions  si  =  1,  s2  —  1.  Performing  one-sided  path  induction  on  these  last 
two  conditions  then  replaces  si  and  s2  with  reflexivities,  which  in  turn  reduces  the  term  C(si,  s2) 
to  reflexivity. 

Also,  9  now  has  type  1  ■  (1  ■  p)  =  apf(d)(lp)  ■  1,  which  means  that  the  term  Zi{li(Zr(0))) 
has  type  p  =  apf/d\(lp).  Thus,  generalizing  Z/(Z/(Zr(6>)))  and  performing  a  one-sided  path  in¬ 
duction  on  it  replaces  p  with  apf^(lp)  and  reduces  the  term  idc(l|_|YOh,Zi(Z/(Zr(6l))),£f((i)) 
to  Ef  (d).  Hence  it  suffices  to  establish  the  conclusion  of  the  generalization  under  the  hypothesis 
that  dapT_to_E(apf(d)(lp))  equals  the  path 
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(aPf(d)(lP))f  °  Hx° h  T-to-E(i(d,  b)) 
(aP|_|xoh(apf(d)(lp)))^  T-to-E(i(d,  b)) 

via  £f  (d) 

(l)f  T-to-E(f(d,  b)) 


To  do  so,  we  first  relate  the  two  terms  dapT_to_£of((i)(lp)  and  dapT.to.£;(apf((i)(lp))  by  observing 
that  the  former  is  equal  to  the  path  below  by  an  easy  path  induction: 


(lp)f 0 1-1x0  h  ° m  T-to-E{f(d,  b)) 
(aPf(d)(lp))f  °  I_IjC°  h  T -to- E(f(d,  b)) 

dapT-to-B(apf(d)(lp)) 

T-to-E(f(d,  b)) 


Hence  it  only  remains  to  show  that  the  following  diagram  commutes: 


(aPf(d)Op)) 


E  o  -|x°  h 


3P|-Ix  °h 


(aPf(rf)  (!p)) )  ^ 


(1) 


via  £f(d) 
E 


E  o  |-U-ohof(d) 


(IP) 


(3Ph  o  f(d)  (IP)) 

via  Vf(d) 


E  o  \—\x 


\E  o  |-U 


Expanding  the  definition  of  £f(d),  we  see  that  it  remains  to  show  that  the  outer  rectangle  in  the 
diagram  below  commutes: 
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(Ip) 


E  o  |-|xo  h  o  f(d) 


(aPhof(d)0P))*  1  lA 

via  Vf(d) 


(1) 


So|-U 


B 


(aPf(a)0p)) 


E  o  |  — |x°  h 


aP|-|x°  h(aPf(d) 


aP|_|A-(aph(apf(d)(lp))) 


aP|-|x(aPh 


(aPl-uC1)) 


o  f(d) 

via  Vf(d) 
E 


But  both  of  the  inner  rectangles  A  and  B  commute  by  an  easy  generalization  and  subsequent  path 
induction,  so  we  are  done. 

Although  this  step  is  finished,  it  will  be  useful  to  note  that  since  W-to-E  was  defined  by 
induction,  the  first  computation  rule  gives  us  a  family  of  paths 

Pw-*o-E{y)  :  W-to-E(h(y))  =  e(inl(j/),  f0,  at*(/o)) 
for  any  y  :  T.  But  of  course  we  have  a*(/0)  =  1  /„  so  in  fact  we  have  a  family  of  paths 

Pw-to-E(y)  ■  W-to-E(h(y))  =  T-to-E(y) 


for  any  y  :  T. 

Step  3  We  show  that  for  a  fibered  groupoid  quotient  algebra  >'  :  GQFibAIg^  (TrToGQAIg  X) , 
we  have  TrToGQFibAlg(GQToTrFibAlg(>’))  =  y.  Let  such  an  algebra  (E,tE,  Pe,Ce,  mE)  be 
given.  The  first  and  second  components  of  TrToGQAIg(GQToTrAlg(£’,  tE,  p e,^e,  ms))  arc  E 
and  tE  themselves.  The  third  and  fourth  components  are  the  maps  a  i-)-  FL-to-£’(h(pr(a)))  and 
a,b,z  i-a  T>(dapw.to.Eoil(c T(z)))  respectively. 

The  type  of  the  final  component  is  a  mere  proposition,  so  all  we  need  to  show  is  that  there  is 
a  path  7  equating  the  third  component  with  pE,  such  that  the  fourth  component  transported  along 

7  among  the  fibers  of  the  type  family  /  na!6:Anz;R(a;6)  ((apHx  oh(cT(«)))f  /(a)  =  /(&))  is 

equal  to  cE.  An  easy  generalization  and  path  induction,  with  function  extensionality,  shows  that 
the  latter  condition  is  equivalent  to  the  assertion  that  the  diagram  below  commutes  for  all  a,  6,  z: 
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c71(-)f  ° 1  |x°h  W-to-X(h(pT(a))) 
via  =En(7,  a) 


V  1  ^D(dapw_to_e  0  h(cr(z 


cT(z) 


£o|-|xoh 


Ps(a) 


W-to-£’(h(pr(6))) 

=  En(7,fo) 

- Pb(6) 


To  construct  7,  we  put 


7  11 E  P'w -to- e{Vt {a))  ‘  Pr-to- e{o)  ) 

It  thus  remains  to  show  that  the  outer  rectangle  in  the  diagram  below  commutes: 


Or(Y)fo1  |x0h  Vh-to-£;(h(pT(a))) 
via  /3'w.to_x(p r(a)) 

cT{z)*°Hx0h  T-to-E(pT(a))  - 

via  pT-to-E(a) 

cr(z)fo|-|xohP£(a) - 


daPw-to-r;  o  h (ct(z)) 


A 


daPT-to-i?(CT(2)) 


B 


V-Hc  E(z)) 


W-to-i?(h(px(i>))) 

P'w-to-x(PT(b)) 

-  T-to-E(pT(b)) 

PT-to-E{b) 

- P  E(b) 


But  rectangle  A  commutes  by  an  easy  path  induction  and  rectangle  B  commutes  by  the  second 
computation  rule  for  T -to -E,  so  we  are  done. 


Step  4  Finally,  we  want  to  show  that  for  any  fibered  truncation  algebra  y  :  TrAlgWfc  X,  we 
have  GQToTrFibAlg(TrToGQFibAlg(^))  =  y.  Let  such  an  algebra  (E,tE, 

The  first  and  second  components  of  GQToTrFibAlg(TrToGQFibAlg(f7,  tE,  |  ■  |£ 


uk 

■  |e)  be  given. 
))  are  E  and  tE 


themselves.  The  third  component  is  the  map  W -to- E.  We  thus  need  to  show  that  for  any  w  :  W, 
we  have  W-to-E(w)  =  \w\E.  Since  the  type  W-to-X  (w)  =  Ire’ll  is  a  set  for  any  w  :  W, 
by  an  earlier  observation  at  the  beginning  of  the  proof  of  lemma  197  it  suffices  to  show  that 
for  any  y  :  T  we  have  IF'-to-Lflify))  =  h(y)  \E.  However,  we  recall  that  we  have  the  path 
Pw-to-E^v)  :  W-to-E(h(y))  =  T-to-E(y).  Hence  it  suffices  to  show  that  T-to-E(y )  =  |h(y)|s 
for  any  y  :  T. 

We  proceed  by  induction,  mapping  pr(a)  i-)-  ^r-to-E^a)  for  any  a  :  A.  To  map  cT{z )  for 
a,b  :  A,  z  :  R(a,  b ),  we  need  to  show  that  /?T-to-£;(a)  transported  along  cE{z )  among  the  fibers 
of  the  type  family  x  t-s-  T-to-E(x)  =  |h(a;)|B  is  equal  to  j^T-to-Eib).  An  easy  generalization  and 
path  induction  shows  that  this  is  equivalent  to  the  assertion  that  the  diagram  below  commutes: 
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T-to-E(pT(a)) 


dapr-to -e(ct(z)) 


T-to-E(pT(b)) 


via  fo-to- E(a) 


Pr-to  -e{V) 


dap|_|E  o  h(cr(z)) 


h(pr(^))U 


But  this  is  implied  by  the  second  computation  rule  for  T-to-E. 


□ 


Lemma  199.  (PL  +  W)  For  algebras  X  :  TrAIg^  (3,  W)  and  y  :  TrFibAlg^fc  X  we  have 
TrFibMor  X  y  ~  GQFibMor  (VrToGQAIg  x'j  ^TrToGQFibAlg(A)  y) 

Proof.  Fix  an  algebra  X  :=  (A",  tx,  |  •  \x)  ■  TrAlgWj  (3,  W).  We  recall  that  TrToGQAIg  X  is  the 
algebra  (A,  tx,  PxXx,  m*),  where 


P x(a)  ■■=  |h(pr(a))U 
cx(z)  ■=  apHxoh(cT(z)) 


for  a  :  A 

for  a,b  :  A,  z  :  R(a,  b ) 


Fix  an  algebra  y  :=  ( E,tE ,  |  •  |b)  :  TrFibAlgWfc  X.  Then  TrToGQFibAlg(A)  y  is  the  algebra 

(E,  tE,  p E,  CE,  rnE),  where 


P e{o)  ■=  |h(pT(a))|E 
c e(z)  ■=  V(dapHEOh(cT(z))) 


for  a  :  A 

for  a,b  :  A,  z  :  R(a,  b ) 


We  now  proceed  in  four  steps: 

Step  1  First  we  define  a  function  TrToGQFibMor  going  from  left  to  right.  For  this,  take  a 
morphism  (f,/3)  :  TrFibMor  X  y.  To  construct  the  desired  fibered  group  quotient  morphism, 
we  can  use  the  same  underlying  map  /.  For  the  second  component,  we  need  a  function  /3./.  : 
na:A{f(\h(pT  (a))|x)  =  |h(pr(a))U)-  The  obvious  choice  is  to  define  /3./.  :=  /3(h(pr(a))). 
To  obtain  the  final  component,  we  need  to  show  that  the  following  diagram  commutes  for  all 
a}b  :  A,  z  :  R(a,  b): 


(aP|-|xoh(cr(^)))f  /(|h(pT(o))U) 


daP/(aph|x°h(cT(^))) 


f(\h(pT(b))\x) 


via  /3(h(p  T(a))) 

(apHx0h(cT(z)))*  |h(pr(a))|B 


/3(h(Pr(6))) 


2?(daP|_|E  oh(cy(z))) 


h(Pr(fc))U 


But  this  follows  by  a  straightforward  generalization  and  path  induction. 
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Step  2  We  define  the  intended  quasi-inverse  GQToTrFibMor  going  from  right  to  left.  For  this, 
take  a  morphism  (f,/3,9)  :  GQFibMor  (TrToGQAIg  X)  (TrToGQFibAlg(A’)  3^)-  To  construct 
a  truncation  morphism,  we  can  use  the  same  underlying  map  /.  For  the  second  component, 
we  need  a  function  f3\.\  :  HW:w(f(\w\x)  =  M e)-  As  the  type  f(\w\x)  =  \w\e  is  a  set  for 


any  w  :  W,  by  an  earlier  observation  at  the  beginning  of  the  proof  of  lemma  197  it  suffices  to 
construct  a  function  7| .  |  :  Uy:T(f(\h(y)\x)  =  |h(j/)|B). 

We  construct  -yj _j  by  induction,  mapping  pT(a)  i-)-  /3(a)  for  any  a  :  A.  To  map  cT(z )  for 
a,b  :  A,  z  :  R(a,b),  we  need  to  show  that  /3(a)  transported  along  cT(z)  among  the  fibers  of 
the  type  family  y  i->  f(\h(y)\x)  =  h(y) | e  is  equal  to  /3(b).  An  easy  generalization  and  path 
induction  shows  that  this  is  equivalent  to  the  assertion  that  the  diagram  below  commutes: 


w  dapAapii  h(cT(V))) 

(aP|-k oh(°r(X)))*  /(|h(pr(a))U)  - /(|h(pr(6))|x) 


via  /3(a) 

(aP|-|xoh(cr(*)))f  lh(Pr(a))U 


^(daP|-|Eoh(CT(2))) 


m 

|h(pr(6))|s 


But  this  is  implied  right  away  by  9. 

Although  we  are  done  with  this  step,  it  will  be  useful  to  note  that  by  our  definition  of  /3| .  |  and 
7|.  |,  we  have  [3\.  |(h(t/))  =  7|  ,\(y)  for  any  y  :  T  and  y  .  |(pT(a))  =  /3(a)  for  any  a  :  A. 

Step  3  We  show  that  for  a  morphism  y  :  GQFibMor  (TrToGQAIg  X )  (TrToGQFibAlg(A’) 
we  have  TrToGQFibMor(GQToTrFibMor(/r))  =  fi.  Let  such  a  morphism  (/,  /3,  9)  be  given.  Then 
/  itself  is  the  first  component  of  TrToGQFibMor(GQToTrFibMor(/,  (3,  9)J .  The  second  compo¬ 
nent  is  the  map  a  i-)-  /3\-\  (h(pr(a))).  The  type  of  the  final  component  is  a  mere  proposition,  so 
all  we  need  to  show  is  that  there  is  a  path  equating  the  third  component  with  (3-  Using  function 
extensionality,  we  only  need  to  show  that  for  any  a  :  A  we  have  [3\  •  |(h(pr(a)))  =  /3(a).  But  as 
we  noted  at  the  end  of  the  previous  step,  by  construction  we  have 

^|.|(h(pT(a)))  =  7|.|(pr(a))  =  3(a) 


so  we  are  done. 


Step  4  We  show  that  we  have  GQToTrFibMor(TrToGQFibMor(/r))  =  y  for  any  morphism 
/i  :  TrFibMor  X  y.  Let  such  morphism  (/,  (3 )  be  given.  Then  /  itself  is  the  first  component  of 
GQToTrFibMor(TrToGQFibMor(/,  (3)).  The  second  component  is  the  map  f3\.\.  Using  function 
extensionality,  we  only  need  to  show  that  for  any  w  :  W  we  have  f3\.\  =  (3(vj).  Since  the  type 
f3\ .  |  (w)  =  f3(w)  is  a  mere  proposition  for  any  w  :  W,  and  hence  a  set,  by  an  earlier  observation 
at  the  beginning  of  the  proof  of  lemma  197  it  suffices  to  show  that  for  any  y  :  T  we  have 
f3\ .  | (h(?/))  =  (3(h(y)).  However,  we  recall  that  we  have  [3\ .  | (h(y))  =  j\.\(y).  Hence  it  suffices 
to  show  that  7|.|(t/)  =  (3(h(y))  for  any  y  :  T.  But  since  the  type  y.|  (y)  =  (3(h(y ))  is  a  mere 
proposition  for  any  y  :  T,  it  suffices  to  show  that  it  is  inhabited  for  y  :=  pr(a),  i.  e. ,  that  for  any 
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a  :  A  we  have  7|.|(pT(a))  =  /3(h(pr(a))).  But  this  follows  right  away  from  the  construction  of 

7|.|.  □ 

Lemma  200.  (PL  +  W)  For  algebras  X  :  TrAIg^  (3,  W)  and  y  :  TrAlgi4  (3,  W)  we  have 
TrMor  X  y  ~  GQFibMor  (VrToGQAIg  x'j  (VrToGQAIg 
Proof.  Exactly  as  in  the  fibered  case.  □ 

Corollary  201.  (PL  +  W)  For  an  algebra  X  :  GQAIg^  (A,  G)  we  have 

hasGQRec^A)  ~  hasTrRec^  ^TrToGQAIg_1(A’)  j 
hasGQInd^A)  ~  hasTrlndWfc  ^TrToGQAIg_1(A’)  j 
isGQHInitWfc (X)  ~  isTrHInit^  ^TrToGQAIg_1(A’)  j 


Corollary  202.  (PL  +  W)  For  /l  :  U,,  G  :  Grp( /l),  the  following  conditions  on  an  algebra 
X  :  GQAIg^(A,  G)  are  equivalent: 

•  X  satisfies  the  induction  principle  on  the  universe  Up, 

•  X  is  homotopy -initial  on  the  universe  Uk 

for  k  >  j.  In  other  words,  we  have 

hasGQIndWfe(A’)  ~  isGQHInitZ4(A’) 

provided  k  >  j.  Moreover,  the  two  types  above  are  mere  propositions. 

Corollary  203.  (PL  +  W  +  -/r)  For  A  :  U.L,  G  :  Grp(A),  the  cdgebra 

(A/iG,  pointy  celli)  :  GQAIg^.(A,  G) 

is  homotopy -initial  on  any  universe  lAj. 

Analogously  to  set  quotients,  homotopy-initial  groupoid  quotient  algebras  enjoy  the  property 
of  effectiveness ,  in  the  sense  that  the  path  structure  on  the  groupoid  quotient  is  “the  same”  as  the 
structure  specified  by  G: 

Lemma  204.  (PL)  For  A:  Ui,  G  :  Grp(A),  and  cdgebra  X  :=  (D,  to,  p,  c,  m)  :  GQAIgWj(A,  G), 
where  G  :=  ill,  t r,  r,  i,  c, . . .),  if  X  is  homotopy-initial  on  the  universe  Ul+\,  then  for  any  a,b  :  A 
we  have 

(P(a)  =  P0))  -  R(a,b) 

Proof.  As  in  the  case  of  set  quotients,  we  employ  the  “encode-decode”  method  by  Licata.  We 
define  a  function  C  :  D  — >  D  — >  Ex:t/,isSet(X),  where  C(x,  y )  is  intended  to  explicitly  describe 
the  path  type  x  =  y,  and  then  show  that  we  indeed  have  (x  —  y)  ~  7Ti(C(x,  y)).  Since  C  will  be 


130 


defined  in  such  a  way  that  7 iq  (C(p(a),  p(6)))  is  equivalent  to  R(a,  b),  this  will  finish  the  proof. 
To  obtain  the  desired  equivalence,  we  construct  maps 


e(x,y)  :(x  =  y)->  tti(C (x,y)) 
d (x,y)  :  7T!(C (x,y))  (x  =  y) 

and  show  that  they  compose  to  identities.  We  will  also  make  use  of  a  couple  observations  and 
notations: 

•  For  any  a,  61,  b2  :  A  and  z  :  R(bi,b2),  we  have  the  equivalence 

R(a,  b\)  ~  R(a,  b2) 

given  by  post-composition  with  2.  Let  postceq(a,  z)  denote  the  witness  that  this  map  is 
indeed  an  equivalence. 

•  For  any  ai,a2,b  :  A  and  z  :  R(a\,  a2),  we  have  the  equivalence 

R(a\,  b)  ~  R(a2,  b) 

given  by  pre-composition  with  the  inverse  of  z.  Let  preceq(6,  z)  denote  the  witness  that 
this  map  is  indeed  an  equivalence. 

•  For  any  a,b  :  A,  we  let  R(a,  b)  ( R(a ,  b),tii(a,  b))  :  Sx:WdsSet(X). 

•  For  any  X.  Y  :  Sjv:wJsSet(X),  we  have  the  equivalence 

ap*.  :  (X  —  Y)  (x,(X)  ~  x1(Y)) 

since  the  type  isSet(X)  is  a  mere  proposition  for  any  X.  By  the  univalence  axiom,  we  also 
have  the  equivalence 

=E~  :  (7n(X)  =  7n(Y))  -)■  (vn(X)  ~  vn(Y)) 

The  composition  thus  yields  an  equivalence 

X:(X  =  Y)^(7t1(X)~7t1(Y)) 

We  let  K\  :=  71  \  o  K. 

•  For  any  X.  Y  :  :isSet(X)  and  o?i,  a2  :  X  =  Y,  we  have 

(oci  =  ot2)  ~  (A'i(ai)  =  Kl{a2)) 

This  follows  as  K  is  an  equivalence  and  the  type  isEq(/)  is  a  mere  proposition  for  any  /. 

•  For  any  X.  Y,  Z  :  Ex:wiisSet(X)  and  ot\  :  X  =  Y,  a2  :  Y  =  Z,  we  have 

A'i(q;i  ■  a 2)  =  A'i(a2)  o  K\(ai) 


We  now  proceed  in  five  steps: 
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Step  1  To  define  C,  we  proceed  by  recursion  on  the  first  argument.  We  are  allowed  to  do  this 
since  the  type  D  — >  Ex;z/,isSet(X)  indeed  belongs  to  Ul+]  and  is  a  1-type  (the  latter  follows 
since  E.Y:w1isSet(X)  is  itself  a  1-type,  as  a  simple  exercise  or  an  appeal  to  theorem  7.1.11  in  ll33l 
shows). 

Now  we  need  to  define  a  function  F  :  A  — >•  D  — >  Ex:wiisSet(A").  We  do  this  by  recursion 
on  the  second  argument.  So  we  fix  a  :  A  and  map  p(6)  i— >  R (a,  b ).  To  map  c(z)  for  b\,  b2  :  A, 
z  :  R(b1,b2),  we  need  to  construct  a  path  - /F(a,z )  :  R(a,  &i)  =  R(a,  b2).  Using  the  notation 
from  above,  we  define 

7i?(a,  z)  :=  A'”1(c(— ,  z),  postceq(a,  z)) 

To  finish  the  definition  of  F,  we  need  to  show  that  for  any  bi,b2,b3  :  A  and  z\  :  R{b\ ,  b2), 
z2  :  R(b2,b3),we  have 

7 f(o,  c(zi,  z2))  =  7 F(a,  Zi)  ■  7 F(a,  22) 

As  observed  above,  for  this  it  suffices  to  show  that 

K\  (7 F(a,  c(zi,  z2)))  =  Ki  (7 f(cl,  zi)  ■  7^(0,  ^2)) 

By  yet  another  observation  from  above,  it  suffices  to  show  that 

K1(^F(a,c(zi,z2)))  =  ATi(7F(a,z2))  o  ^(7^(0,^)) 

Unfolding  the  definition  of  7 p  we  see  that  this  is  equivalent  to  showing  that 

c(  ,  C (z-l,  Z2))  =  c(  ,  Z2)  O  c(  ,  ^i) 

But  this  is  obvious  from  function  extensionality  and  the  groupoid  properties. 

Although  the  definition  of  F(a)  is  finished,  we  note  that  the  computation  rules  give  us  a  fam¬ 
ily  of  paths  fit? (a,  b )  :  F(a.  p (b))  =  R(a,  b )  for  a,b  :  A  such  that  the  diagram  below  commutes 
for  any  a,  bi,  b2  :  A  and  z  :  R(bi,  b2): 


aP  F(a)(c(*)) 

F(a,  p(6i)) - F(a,  p(b2)) 


Pf(cl,  h) 

R(a,6i) 


7  F(a,z) 


0f(o,,  b2) 

R(a,62) 


We  now  continue  with  our  definition  of  C.  For  any  a±,  a2  :  A  and  w  :  R(a±,  a2),  we  must 
construct  a  path  from  F(ai)  to  F(a2).  By  function  extensionality,  it  suffices  to  construct  a 
homotopy  dc(w)  :  F(ai)  ~  F(a2).  Our  desired  path  between  F(a1)  and  F(a2)  will  then  be 
nE=(x  5c(w)).  To  construct  5c(ui),  we  proceed  by  induction  on  its  argument.  It  is  clear  that 
for  any  x  :  D,  the  type  F(a\,x)  =  F(a2 ,  x)  belongs  to  Ui+ 1.  We  also  need  to  show  that  it  is  a 
1-type,  which  is  true  since  it  is  in  fact  a  set.  To  map  p(6)  for  b  :  A,  we  need  to  construct  a  path 
equating  F(a1.  p(b))  with  F(a2.  p(b)).  Appealing  to  j3f(cii,  b)  and  f3p(a2,  b),  we  see  that  for  this 
it  suffices  to  construct  a  path  yc (w,  b )  :  R(al5  b)  =  R(a2,  b).  We  define 

7c (w,b)  :=  Jl~1(c(i(u;),  -),  preceq(6,w)) 
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Putting  the  above  together,  we  map 

p{b)  /3f(cli,  b )  ■  7c (w,  b)  ■  pF(a2,  6)_1 

To  map  c(z)  for  b1?  b2  :  A,  z  :  R(b i,  b2),  we  must  show  that  /3F(ai,bi)  ■  7c(w,  bi)  ■  /3F(a2,  &i)-1 
transported  along  c(z)  among  the  fibers  of  the  type  family  x  F(ai,  x)  =  F(a2,  x)  is  equal  to 
the  path  /3F(ai,  b2)  ■  7c(«7  b2)  ■  (3F(a2,  b2)~l.  An  easy  generalization  and  path  induction  shows 
that  this  is  equivalent  to  the  assertion  that  the  outer  rectangle  in  the  diagram  below  commutes: 


aPF(0l)(c(«)) 

F{all  p(6i)) - F(a i,  p(62)) 


PF(ai,h) 

R(ai,6i) 

R(a2,b1) 
(3F(a  2,6i)_1 

^(a2,p(6i)) 


A 

lF{ai,z) 

B 


lF{a2,z) 

C 


5PF(02)(c(«)) 


fiF(ai,  bi) 

R(ai,62) 

7c  (w,b2) 

—  R(a2,  b2 ) 

PF(a2,b2)-1 

F(a2,p(b2)) 


Rectangles  A  and  C  commute  by  the  construction  of  F,  as  observed  earlier.  It  thus  remains  to 
show  that  rectangle  B  commutes,  i. e. ,  that  we  have 

7c(w,  h)  ■  7^(02,  z)  =  7f(oi,  z)  ■  7c(w,  61) 

For  this  it  suffices  to  show  that 

Ki{^F{a2,z))  o  K1('yc('w,bi))  =  K1('yc(w,bi))  o  K^pfai,  z)) 

Using  the  definition  of  -)F  and  7c,  we  see  that  this  is  equivalent  to  showing  that 

c(— ,  z)  o  c(i(w),  -)  =  c(i(in),  -)  o  c(-,  z) 

But  this  is  obvious  from  function  extensionality  and  the  groupoid  properties,  which  means  that 
we  are  done  with  the  mapping  of  c(z).  To  finish  the  definition  of  Sq(w),  we  should  provide  the 
appropriate  mapping  corresponding  to  m.  But  there  is  a  propositionally  unique  way  to  do  this 
since  as  noted  before,  the  type  F(a  1,  x)  =  F(a2 ,  x)  is  a  set  for  each  x.  Hence  the  definition  of 
5c  (w)  is  complete,  and  by  the  first  computation  rule  we  get 

5c(w,  P (b))  =  PF(a,i,  b)  ■  7C(w,  b)  ■  /3F(a2,  &)_1 
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To  finish  the  definition  of  C,  we  need  to  show  that  for  any  a1,a2,a3  :  A  and  w3  :  R(ai,  a2), 
w2  :  R(a2,  a3),  we  have 

nE=(5c(cK,W2)))  =  nE=(5cK))  ■nE=(5cW) 

This  is  equivalent  to  showing  that  for  any  x  :  D,  we  have 

Sc(c(wi,w2),x)  =  5c(wi,x)  ■  5c(w2,x ) 

We  once  again  proceed  by  induction  on  x  :  D.  However,  the  type  above  is  a  mere  proposition  so 
we  only  need  to  show  that  it  is  inhabited  for  the  case  x  :=  p (b),  i.e.,  that  for  any  b  :  D  we  have 

<5c(c(u>i,  w2),  p(6))  =  Sc(iv1:  p(6))  ■  8c(w2,  p(6)) 

By  the  construction  of  Sc,  this  is  equivalent  to  showing  that 

b)  ■  7c(c(wi,  w2),  b )  ■  f3F(a3,  by1  = 

(pF(ai,  b)  ■  ycOi,  b)  •  f3F(a2:  b)~^  ■  (pF(a2)  b)  •  70(^2,  b)  ■  f3F(a3,  b)~l J 
Clearly,  it  suffices  to  show  that 

7c(c(>i,  w2),  b)  =  7c (wi,  b)  ■  7c(w2,  6) 

This  is  equivalent  to  showing  that 

K1('fC(c(w1,w2),b))  =  Ki (7c {w2 ,b))o  Ki (7c (irq ,  b) ) 

This  is  in  turn  equivalent  to  showing  that 

c(i(c(w1,w2)),  -)  =  c(i(iu2),  -)  o  c(i(wi),  -) 

But  this  is  obvious  from  function  extensionality  and  the  groupoid  properties. 

Although  we  are  done  with  the  definition  of  C,  we  note  that  the  computation  rules  give  us  a 
family  of  paths  /3c(a)  :  C(p(a))  =  F (a)  for  a  :  A  such  that  the  following  diagram  commutes  for 
each  cii,  a2  :  A,w  :  R(a±,  a2 ): 


apc(c(w)) 

C(p(fll)) - C(p(a2)) 


^c(ai) 

F(a  1) 


nc= 


E=(«5cH) 


Pc  (a2) 
F{a2 ) 


Putting  together  what  we  have  so  far,  we  see  that  for  any  a,  a b,b'  :  A  and  w  :  R{a,  a'),  z  : 
R(b,  b'),  all  rectangles  in  the  following  diagram  commute: 
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Ell(apc(c(w)),  p (6))  apc( p(a/))(c(z)) 

C(p(a),  p(6)) - -  C(p(a'),  p(6)) - — - C(p(a'),  p(&')) 


En(/3c(a),p(&))  A 


=En(/3c(a'),p(&))  C 


=En(/3c(a'),p(?/)) 


F(a,  p(6)) 


/3F{a,b) 


5c(w,p(b)) 


B 


F(a',p(6)) 


JPF(a')  (<=(*)) 


A(a',p(fc')) 


/3F(a\b) 


D 


Pf(o! i  b') 


R(a,  b )  - — - R (a',  b) - — - R(a',  V) 

lc{w,b)  7 F(a,z) 

Rectangle  A  commutes  by  the  construction  of  C;  B  by  the  construction  of  6c{w);  C  by  path 
induction;  and  D  by  the  construction  of  F(a'). 

It  will  also  be  useful  to  give  names  to  some  of  the  edges  in  this  diagram.  We  let  e(a,  b )  be  the 
path 


C(p(a),p(6)) 

=  En(/3c(a),  p(b)) 
F(a,p(b)) 

/3F(a,b) 

R (a,  b) 


and  //(«,;.  z)  the  path 


=cn, 


C(p(a),p(6)) 


apc(c(u; 


)).P  (b)) 


C(p(a'),p(b)) 


3PC(p  (a'))(c(z)) 


C(p(a'),p(b')) 


Step  2  To  define  e(x,  y ,  u ),  we  perform  path  induction  on  u.  To  construct  G(x )  :  tti(C(x,  x)), 
we  proceed  by  induction  on  x,  mapping  p(a)  i-)-  Ki(e(a,  a)-1)  r(a)  for  a  :  A.  To  map  c(w)  for 
ai,a2  :  A  and  w  :  A(ai,a2),  we  must  show  that  iT1(e(a1,  ai)_1)  r(ai)  transported  along  c(w) 
among  the  fibers  of  the  type  family  x  t->-  ni(C(x,  x))  is  equal  to  Ki(e(a2,  a2)— x)  r(a2).  An  easy 
generalization  and  path  induction  shows  that  this  is  equivalent  to  the  assertion  that 

K\(r](c(w),c(w)))  (A"i(£(ai,ai)_1)  r(ai))  =  A"i(e(a2,  a2)_1)  r(a2) 
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The  function  Ki(r](c(w),  c(tu)))  goes  from  7r1(C(p(a1),  p(ai)))  to  7T1(C(p(a2),  p(a2))),  so  the 
above  makes  sense.  By  definition  of  7 p,  7c,  and  the  groupoid  properties,  it  is  equivalent  to 
showing  that 


R\(r](c(w),c(w)))  (/ii(e(ai,ai)  x)  r(ai))  = 

A\0(a2,a2)_1)  ^K1('fF{a2,w))  (ATi(7c(w,  ai))  r(ai))) 


This  in  turn  is  equivalent  to  showing  that 


Ki  (e(ai,  ai)  1  ■  77  ( c(w),  c(w)) )  r(ai)  =  K1  (7c (w,  ai)  ■  7c  (w,  ax)  ■  e(a2,  a2)  r(ai) 
For  this  it  clearly  suffices  to  show  that 


z(ai,  o-i)  1 ’r](c(w),c(w))  ='Yc(w,ai)’'yc(w,ai)’£(a2,a2)  1 


But  this  is  obvious  from  the  commuting  diagram  noted  at  the  end  of  the  first  step.  The  mapping 
of  c(w)  is  finished,  and  since  the  type  717 (C(x,  x))  is  a  set  for  any  x  :  D,  it  is  not  necessary  to 
construct  a  mapping  corresponding  to  m.  The  definition  of  e  is  thus  complete.  It  will  be  useful 
to  note  that  for  any  a  :  A,  we  have  G(p(a))  =  A'1(e(a,  a)-1)  r (a). 

Step  3  We  now  show  that  for  any  x  :  D,  the  type  Y,y.r)n\  (C(x.  y))  is  contractible.  We  proceed 
by  induction  on  x.  Since  the  property  of  being  contractible  is  a  mere  proposition,  it  suffices  to 
prove  it  in  the  case  x  :=  p (a),  i.e.,  that  for  any  a  :  A,  the  type  Ey:£)7r1(C(p(a)1  y))  is  contractible. 
So  fix  a  :  A.  The  type  in  question  is  clearly  inhabited  by  (p(a),  G(p(a))),  so  it  suffices  to  show 
that  for  any  y  :  D  and  u  :  7r1(C(p(a),  y)),  we  have  (p(a),  G(p(a)))  =  (y,  u ).  But  it  is  easy  to  see 
that  for  any  y  and  u  we  have 


(p(a),G(p(a)))  =  (y,u) 


Hence  we  aim  to  show  that  for  any  y  and  u,  the  last  type  in  the  above  chain  of  equivalences 
is  inhabited.  We  proceed  by  induction  on  y.  We  can  do  this  since  for  any  y,  u,  the  type  p(a)  =  y 
is  a  set  and,  furthermore,  for  any  p  :  p(a)  =  y  the  type  K\  (a PcrPi a; ) (/J) )  G(p(«))  =  u  is  even  a 
mere  proposition  (a  fact  we  will  use  later).  To  map  p(6)  for  b  :  A,  we  construct  a  function 


To  define  H(b),  fix  u  :  7Ti(C(p(a),  p(6))).  The  first  component  of  our  desired  pair  will  be  the 
path  c(Ki(e(a,  b ))  u).  To  obtain  the  second  component,  we  need  to  show  that 
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By  construction  of  G,  the  left-hand  side  is  equal  to 

^i(aPc(P(a))(c(^i(£M))  u )))  (iTi(e(a,a)-1)  r(a)) 

This  in  turn  is  equal  to 

Ki  (^(a,  a)-1  ■  apc(p(a))  (c(iTi(e(a,  b))  u)))  r(<z) 

From  the  right  part  of  the  commuting  diagram  noted  at  the  end  of  the  first  step  we  see  that 

e(a,  a)-1  ■  apc(p(a))  (c(Ki(£(a,  b))  u))  =  ^F{a1Kl{e{a,b))  u )  -£(a,f))_1 
Hence  the  above  is  equal  to 

K\  (^yF(a,  Ai(£(a,  b))  u)  ■  £(a,6)_1j  r(a) 

This  in  turn  is  equal  to 


K1(e(a,by1)  (^R\  (^yF(a,  Ki(e(a,  b))  u))  r (a)'j 

By  definition  of  -/F  and  the  groupoid  properties,  this  is  equal  to 

Ki(e(a,  b)-1)  b))  u) 

But  this  is  clearly  equal  to  u  so  we  are  done.  This  finishes  the  definition  of  H  and  hence  the 
mapping  of  p(b).  We  note  that  by  the  definition  of  H,  we  have  iri(H(b,  u ))  =  c(A'i(e(a,  b))  u) 
for  any  b  :  A  and  u  :  7Ti(C(p(a),  p(6))). 

To  map  c(z)  for  fq,  b2  :  A,  z  :  R(bi,  b2),  we  must  show  that  the  map  H{bi )  transported  along 
c(z)  among  the  fibers  of  the  type  family  b  i-»  nu:7ri(c(p(a),p(&)))£p:p(a)=p(&) ...  is  equal  to  the  map 
H{b2).  Here  we  left  out  the  body  of  the  S-type  because  as  noticed  earlier,  it  is  a  mere  proposition 
for  any  b  :  A,  u  :  7Ti(C(p(a),  p(5))),  and  p  :  p(a)  =  p (6).  This  observation  together  with  path 
induction  and  function  extensionality  shows  that  in  order  to  map  c(z),  it  suffices  to  show  that  for 
any  u  \  tt1  (C(p(a),  p(&i)))  we  have 

Tii (if  (&!,«))  -c(z)  =  'Ki{H{b2,  A'1(apc(p(a))(c(z)))  w)) 

This  makes  sense  because  A\  (apC(p(a))(c(z)))  u  gives  us  a  term  of  type  7Ti(C(p(a),  p(&2)))-  To 
show  the  above,  we  note  that  by  our  definition  of  H,  it  is  equivalent  to  showing  that 

c(AT1(e(a,6i))  u)  -c (z)  =  c(.Ai(e(a,  b2))  (A'i(aPc(p(a))(c(z)))  «)) 

By  the  groupoid  properties,  the  left-hand  side  is  equal  to  c(c(ATi(e(a,  bi))  u,z )),  so  it  suffices 
to  show  that 

c(A'1(e(a,6i))  u,z)  =  K\(£(a,b2))  (^A1(apc(p(a))(c(^)))  uj 
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This  is  in  turn  equivalent  to 

c(Ji1(e(a,6i))  u,z)  =  Kx  (apc(p(a))(c(z))  ■  e(a,  &2))  u 

As  the  right  side  of  the  commuting  diagram  at  the  end  of  the  first  step  shows,  we  have 

aPc(P(a))(c(-)) '  e(a,  62)  =  e(a,  61)  1  7 f(o,  2) 

Hence  it  suffices  to  show  that 

c(/ii(e(a,  61))  u,  z)  —  Ki(e(a,  b\)  ■  7^(0,  z))  u 
This  is  equivalent  to  showing  that 

c(A'i(e(a,  61))  u,  z)  =  A^j^a,  z))  (A'i(e(a,  61))  w) 

By  definition  of  7 jr,  this  is  equivalent  to  showing 

c(A'i(e(a,  61))  m,  2)  =  c(A'i(e(a,  61))  u,  z) 

and  we  are  done.  This  finishes  the  mapping  of  c(z),  and  as  before,  there  is  no  need  to  supply  a 
mapping  corresponding  to  m.  Hence,  we  have  completed  the  proof  that  the  type  Tjy.Dni(C(x,  y )) 
is  contractible  for  any  x  :  D.  In  particular,  this  gives  us  a  path  family  a(x,  q)  :  q  —  (x,  G(x ))  for 

any  x  :  D  and  q  :  Sy:£)7ri(C(a:,  y)). 

Step  4  We  define  d  by  d (x,y,u)  :=  d(x,  a(a;,  (y,u))),  where  for  x  :  D,  q  :  Y,y.D'Kl(C(x,y)), 
aq  :  q  =  ( x ,  G(x)),  the  term 

d(x,  aq)  :  x  =  7Ti  (q) 

is  defined  by  a  one-sided  path  induction  on  aq  and  the  subsequent  mapping  x  (->•  1 .  This  finishes 
the  definition  of  d. 

It  now  remains  to  show  that  e(x,  y )  and  d(.x,  y)  are  indeed  quasi-inverse  to  each  other  for  any 
x,  y.  In  one  direction,  take  x,  y  :  D,  u  :  x  =  y.  To  show  that  d(a;,  y,  e(x ,  y,  u ))  =  u,  we  proceed 
by  path  induction  on  u.  This  reduces  the  goal  to  showing  that  d (x,  a(x,  (. x ,  G(x))))  =  1  for  any 
x  :  D.  But  this  follows  at  once  from  the  fact  that  a(x,  (x,  G(x)))  =  1  (x,G(x))  by  contractibility. 

For  the  other  direction,  take  x,y  :  D,  u  :  7Ti(C (x,y)).  The  goal  e(x,y,d(x,y,u))  =  u 
follows  immediately  from  the  generalization  e(x,7Ti(q),d(x,aq))  =  77(7)  for  any  x  :  D,  q  : 
’Ey.D 7Ti(C(x,  y)),  aq  :  q  —  (x,  G(x)).  The  generalization  itself  follows  right  away  by  one-sided 
path  induction  on  aq.  □ 
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5 


Conclusion 


We  have  investigated  a  class  of  higher  inductive  types  with  propositional  computational  behav¬ 
ior  and  shown  that  they  can  be  equivalently  characterized  as  homotopy-initial  algebras.  We  have 
stated  and  proved  this  result  for  propositional  truncations  and  for  the  so-called  W-quotients, 
which  subsume  a  number  of  other  interesting  cases  -  ordinary  W-types,  the  unit  circle  S1,  the 
interval  type  I,  all  the  higher  spheres  Sn,  all  suspensions,  and  all  type  quotients.  The  character¬ 
ization  of  these  specific  types  as  homotopy-initial  algebras  can  be  easily  obtained  as  a  corollary 
to  our  main  theorem. 

We  have  also  established  a  characterization  of  truncations,  set  quotients,  and  groupoid  quo¬ 
tients  as  homotopy-initial  algebras.  For  set  and  groupoid  quotients,  we  have  shown  that  they  can 
be  recovered  from  W-quotients  and  truncations,  the  same  way  natural  numbers  or  lists  can  be  re¬ 
covered  from  W-types.  Furthermore,  recent  work  by  E.  Rijke  and  F.  van  Doom  lf36l  shows  that 
truncations  can  be  reduced  to  type  quotients  (and  hence  to  W-quotients).  Thus,  we  conjecture 
that  W-quotients  play  the  same  role  in  the  higher  dimensional  setting  as  Martin-Lof ’s  W-types 
do  for  ordinary  inductive  types:  that  of  a  simple,  well-studied  class  of  (higher)  inductive  types, 
which  subsumes  most  of  the  other  (higher)  inductive  types  of  interest  as  special  cases. 

This  result  would  provide  one  possible  answer  to  the  earlier  question  of  what  a  higher  in¬ 
ductive  type  should  be,  and  the  characterization  of  higher  inductive  types  as  homotopy-initial 
algebras  would  follow  from  our  main  theorem.  In  this  respect,  the  results  in  this  thesis  are  re¬ 
lated  to  the  work  of  van  Doom,  Rijke,  and  others,  on  reducing  general  higher  inductive  types  to  a 
combination  of  W-types  and  type  quotients.  We  conjecture  that  W-quotients  themselves  arise  as 
such  a  combination.  While  this  decomposition  of  W-quotients  into  W-types  and  type  quotients 
would  not  significantly  simplify  the  development  we  presented  here  -  establishing  the  character¬ 
ization  of  type  quotients  as  homotopy-initial  algebras  directly  is  almost  as  much  work  as  doing 
it  for  the  full  W-quotients  -  it  would  provide  further  evidence  for  W-types  and  type  quotients, 
either  individually  or  combined  into  a  W-quotient,  as  being  the  main  building  blocks  for  most 
(or  even  all?)  other  higher  inductive  types  of  interest. 
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